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ON INVARIANCE OF PLURIGENERA FOR FOLIATED SURFACE PAIRS
JIHAO LIU
ABSTRACT. We prove an invariance of plurigenera for some foliated surface pairs of general
type.
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1 Introduction
In this paper we work over the field of complex number C.
In the paper [CF15], P.Cascini and E.Floris ([CF15]) prove an invariance of plurigenera for a
family of foliated surfaces, i.e:
Theorem 1.1. [CF15, Cor 1.2] Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at
most reduced singularities. Then for any sufficiently large positive integerm, h0(Xt,mKFt) = const
for all t ∈ T , i.e. the invariance of plurigenera h0(Xt,mKFt) holds for sufficiently large m.
One would like to generalize this result to foliated surface pairs, i.e. we would like to analyze
triples (X,F ,∆), especially when KF +∆ is big, which may be more useful if one want to prove
some higher dimensional results inductively.
We will prove the following result:
Theorem 1.2. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities. Let ∆ be a Q-Cartier Q-divisor such that [∆] = 0, KF + ∆ is big over T , and each
component of ∆ is reduced and irreducible over every closed point of T : i.e. if ∆ = Σai∆i, where
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for each i, ∆i is an irreducible components of ∆, ai ∈ Q, then ∆i|Xt is reduced and irreducible for
every closed point t ∈ T .
For any sufficiently divisible integer m > 0, we have
h0(Xt,m(KFt +∆t)) = const.
As a consequence, we have
Corollary 1.3. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities. For any Q-Cartier Q-divisor ∆ ≥ 0 such that each component of ∆ is reduced and
irreducible over every closed point of T , we have
vol(Xt,KFt +∆t) = const.
Notice that Kawamata-Viehweg vanishing fails for foliated varieties: i.e. it fails if we replace
KX by KF . However, we will prove the following in this paper:
Theorem 1.4. Let X be a smooth surface, F a rank 1 foliation on X with at most canonical
singularities, ∆ be a Q-Cartier Q-divisor on X such that [∆] = 0 and no component of ∆ is F -
invariant. If KF + ∆ is big and nef over T , then H
1(X,m(KF + ∆)) = 0 for any sufficiently
divisible integer m > 0.
To prove Theorem 1.2, we will first prove a weaker version of that theorem:
Theorem 1.5. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities. Let ∆ ≥ 0 be a Q-Cartier Q-divisor on X such that KF +∆ is pseudoeffective over T ,
each component of ∆ is irreducible and reduced over every closed point of T , and ∆s ∧B−(KFs +
∆s) = 0 for a closed fiber Xs.
Then for any Q-divisor A on X which is ample over T , and any rational number 0 < ǫ ≪ 1
whose upper bound only depends on A, for sufficiently divisible integer m > 0 which may depends
on the choice of A and ǫ, we have
(1) h0(Xt,m(KFt +∆t + ǫAt)) = const;
(2) If [∆] = 0, KFs +∆s is big, and ∆s ∧B+(KFs +∆s) = 0, then
h0(Xt,m(KFt +∆t)) = const.
About this paper.
Step 1. We review the KF -minimal model program for foliated surfaces.
Step 2. We show that we can run the (KF +∆)-minimal model program for certain foliated pairs,
i.e. pairs (X,∆) such that ∆ ∧B−(KF +∆) = 0.
Step 3. By using similar strategies as in [CF15, Section 3.3] to analyze the stable base locus of
KF +∆ for ∆ such that [∆] = 0, we will get a vanishing theorem (Lemma 3.8) and deduce
Theorem 1.4.
Step 4. We consider the deformation property of foliated pairs as in [Bru01, Chap 4], we show
that the negative part of the Zariski decomposition of KF +∆ deforms. By using the fact that
the Euler characteristic always deforms, and by using the vanishing theorem introduced in Step 3,
we deduce Theorem 1.5.
Step 5. We use technical strategies as in [HMX13, Chap 4] to show that the assumption
∆∧B−(KF +∆) = 0 in Theorem 1.5(2) is not necessary, thus we are able to deduce Theorem 1.2.
Step 6. Finally, Corollary 1.3 follows from Theorem 1.2.
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2 Prelimaries
2.1 Definitions
In this section, we give the definitions we will use in this paper. Except for Definition 2.11, every
definition can be found in other papers, but the reader should be careful because the definitions
may have some small differences.
Definition 2.1. Let X be a normal variety. A foliation F on X is a coherent saturated subsheaf
of the tangent sheaf TX of X, which is closed under the Lie bracket. X is called a foliated variety ;
in particular, if dimX = 2, X is called a foliated surface. We define the rank of the foliation rk(F )
to be its rank as a sheaf, the corank of the foliation to be dimX − rk(F ).
Let U be an open subset of X. The restriction of F on U is the restriction of the sheaf F on
U , and is denoted by F |U . Clearly F |U ⊂ TU is a foliation on U .
Let π : Y → X be a proper birational map, Ex(f) the exceptional locus of f . Then F induces
a foliation on Y \Ex(f), which can be extended to a foliation F ′ on Y . We call F ′ the pullback of
F on Y , and is often denoted by π∗F .
Let ν : X → Z be a proper birational map, ν∗F is defined as the pushforward of the sheaf F ,
and if it is a foliation on Z, we call it the pushforward of the foliation F .
We define the singular locus of F , Sing(F ), to be the locus where F fails to be a subbundle
of TX . Moreover, we will make the following assumption in the rest of our paper: for any foliation
F on any normal variety X, we assume
Sing(F ) ∩ Sing(X) = ∅.
By definition Sing(F ) has codimension at least 2 in X. In particular, if dimX = 2, Sing(F )
is a set of isolated points. Let U = X\Sing(X) be the smooth locus of X, we associate a divisor
to det(F |U )
∗, denoted by KF .
Let X be a normal variety, F be a foliation on X, p ∈ X\Sing(X). If F is a co-rank 1 foliation,
then for any point p ∈ X\Sing(X), there exists an open neighborhood U of p such that F is defined
as the kernel of a holomorphic 1-form ω on U ; on the other hand, if F is a rank-1 foliation, F
is defined by a holomorphic vector field v around p. For such foliation, we say v (or ω) generates
F around p. In particular, if F is a rank-1 foliation on a surface, for any p ∈ X\Sing(X), F is
generated by a vector field v as well as a holomorphic-1 form ω around p. In particular we can pick
v = ker(ω) to be the vector field that generates the kernel of ω.
Definition 2.2. Let X be a normal variety. Let F be a foliation on X, we say F has at most
canonical singularities if for any birational morphism π : X¯ → X,
Kπ∗F = π
∗KF +R
where R ≥ 0 is a Q-divisor such that SuppR is contained in the exceptional locus of π.
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For any foliation F , if p ∈ Sing(F ), and there exists an open neighborhood U of p such that
F |U has canonical singularities, then p is called a canonical singularity of F .
A computation in local coordinates shows that for any co-rank 1 foliation F , any point x /∈
Sing(X) which is a smooth point of F , F has canonical singularities in a neighborhood of x (see
e.g. [AD13, Lemma 3.10] or [Spi16, Lemma 2.3]).
For the rest of the paper, when we talk about a foliation on a surface, we assume the foliation
is of rank 1.
Definition 2.3. Let X be a projective surface. We say that X has at most cyclic quotient
singularities if for any p ∈ Sing(X), p is of type B2/Γk,h for some k, h ≥ 1, kh 6= 1, (k, h) = 1, where
B2 is the unit ball in C2, and Γk,h is the cyclic group acting on C
2 by (z, w)→ (e
2pii
k z, e
2hpii
k w).
For any foliation F on X, if X has at most cyclic quotient singularities, then X is Q-factorial,
thus KF is Q-Cartier; if X is smooth, KF is Cartier. See [Bru02, Chap 1, p3].
Definition 2.4. Let X be a projective surface, F be a foliation on X. For any p ∈ Sing(F ), by
[Bru00, Chap1, p10],
(1) F is generated by a vector field v in a neighborhood of p;
(2) There are eigenvalues λ1, λ2 of (Dv)|p.
If one of λ1 and λ2 is not zero, possibly switching λ1 and λ2 we may assume that λ2 is not
zero. Then we call λ = λ1λ2 to be the quotient of eigenvalues of F at p (if λ 6= 0, then we do not
distinguish between λ and 1λ if we only need properties independent of their choice, e.g. positive,
negative, rational), then:
If λ and is not a positive rational number, the singularity p is called reduced;
If λ ∈ N+ ∪ 1
N+
, the singularity p is called Poincare´-Dulac.
Moreover, assume λ ∈ N+, by [Bru00, Chap1, p16], possibly after changing local coordinates,
a Poincare´-Dulac singularity p is of the following two types, i.e. F is generated by one of the
following two holomorphic 1-forms in a neighborhood of p, where w, z are the local coordinates:
(A) λwdz − zdw;
(B) (λw + zλ)dz − zdw.
We have the following lemma:
Lemma 2.1. Let X be a projective surface, F be a foliation on X. Then
p is a canonical singularity of F ⇔ p is either reduced, or a type B Poincare´-Dulac singularity.
In particular, the quotient of eigenvalues exists.
Proof. [Bru00, Chap8, p114-115], or [LPT11, Prop3.3]. QED.
Definition 2.5. Let X be a normal surface, F be a foliation on X, U = X\Sing(X) be the smooth
locus of X. A curve C on X is called an F -invariant curve if the inclusion map TF |U |C → TU |C
factors through TC|U .
Definition 2.6. Let X be a projective surface with at most cyclic quotient singularities. Let C
be a curve on X such that each irreducible component of C is not F -invariant. For each p ∈ C
such that p /∈ Sing(X), let v be a vector field generating F around p, and f be any holomorphic
function generating C around p. We define
tang(F , C, p) = dimC
Op
<f,v(f)> .
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Clearly tang(F , C, p) is a non-negative integer, which is independent of the choice of f .
Moreover, for each point p ∈ C ∩ Sing(X), suppose p is a cyclic quotient singularity of order k
with typeB2/Γ. Pick a small enough neighborhood U of p, then we have a map f : B2 → B2/Γ ∼= U .
Let the lift of C|U be C˜, and the lift of F |U be F˜ . Then we define
tang(F , C, p) = 1k tang(F˜ , C˜, 0).
Clearly tang(F , C, p) is a non-negative rational number.
We define tang(F , C) =
∑
p∈C tang(F , C, p). By [Bru00, Chap2.2, p22], if F is transverse to C
at p ∈ C, then tang(F , C, p) = 0, thus
∑
p∈C,p/∈Sing(X) tang(F , C, p) is a finite sum, so tang(F , C)
is well-defined.
Definition 2.7. Let X be a projective surface with at most cyclic quotient singularities. Let C
be a curve on X such that each irreducible component of C is F -invariant. For each p ∈ C such
that p /∈ Sing(X), we can pick a holomorphic 1-form ω generating F around p, and assume C is
defined by a local equation {f = 0} around p, where f is a holomorphic function. Then we can
write
gω = hdf + fη
where g, h are holomorphic functions, η is a holomorphic 1-form, and h, f are coprime. We define
Z(F , C, p) = vanishing order (or minus of polar order) of hg |C at p;
CS(F , C, p) = residue of −1h η|C at p.
If p ∈ C ∩ Sing(X), we define Z(F , C, p) = CS(F , C, p) = 0.
[Bru00, Chap2, p24], [Bru00, Chap3, p26], [Bru02, Chap2] show that these numbers are well-
defined regardless of the holomorphic 1-form ω and the holomorphic function f we choose. Define
Z(F , C) =
∑
p∈C Z(F , C, p), CS(F , C) =
∑
p∈C CS(F , C, p).
Lemma 2.2. Let X be a projective surface, F be a foliation on X, C be an irreducible curve on
X. Then for any p ∈ C such that p /∈ Sing(X),
(1) Z(F , C, p) is an integer;
(2) If C is smooth at p, then Z(F , C, p) ≥ 0;
(3) If p /∈ Sing(F ), Z(F , C, p) = CS(F , C, p) = 0;
(4) If p ∈ Sing(F ), p is a canonical singularity of F , then Z(F , C, p) ≥ 0; moreover, if C is
smooth at p, Z(F , C, p) ≥ 1; in addition, if the quotient of the eigenvalues of F at p is not 0, then
Z(F , C, p) = 1.
In particular,
∑
p∈C Z(F , C, p) and
∑
p∈C CS(F , C, p) are both finite sums, so Z(F , C) and
CS(F , C) are both well-defined.
Proof. Because Z(F , C, p) is the vanishing (or minus polar) order of a rational function, it must
be an integer. If C is smooth at p, let v be the local holomorphic vector field generating F . Then
by definition, Z(F , C, p) equals to the vanishing order of v|C at p, which must be nonnegative.
For any p /∈ Sing(F ), because C is an F -invariant curve, TF |U |C → TU |C factors through TC|U ,
p cannot be a singularity of C, thus C must be smooth at p, which means ω = df generates C around
p, and we can pick g = h = 1, η = 0 in the above formula, thus Z(F , C, p) = CS(F , C, p) = 0.
For any p ∈ Sing(F ), if p is a reduced singularity, the proof refers to [Bru00, Chap3, p39]. If p
is a Poincare´-Dulac singularity of type (B), we assume F is generated by ω = (nw+zn)dz−zdw at
5
p. By [McQ08, I.2.4], the only possible C is locally defined by {z = 0}. In particular, C is smooth
at p. Thus we can pick g = 1, h = nw + zn in the above formula. Thus Z(F , C, p) = 1.
Because C ∩ Sing(F ) is a finite set, by (3),
∑
p∈C Z(F , C, p) and
∑
p∈C CS(F , C, p) are both
finite sums. QED.
Definition 2.8. Let X be a projective surface with at most cyclic quotient singularities, let C be
a curve on X. C is called a string, if
(1) C = ∪ni=1Ci, each Ci is a smooth rational curve;
(2) For any 1 ≤ i, j ≤ n, Ci · Cj = 0 if |i− j| ≥ 2, Ci · Cj = 1 if |i− j| = 1, and C
2
i < 0.
Definition 2.9. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X. A curve C ∈ X is called an F -chain, if:
(1) C = ∪ni=1Ci is a string;
(2) Each irreducible component Ci of C is F -invariant;
(3) The singularities of F along C are all reduced;
(4) Z(F , C1) = 1 and Z(F , Ci) = 2, ∀i ≥ 2;
(5) C1 contains at most 1 point in Sing(X); for i ≥ 2, Ci ∩ Sing(X) = ∅.
C1 is called the initial curve of C, Cn is called the last curve of C. By [Bru00, Chap8, Definition
1], all the singularities of F on C are exactly p1, . . . , pn, such that Ci ∩ Ci+1 = pi for every
1 ≤ i ≤ n − 1, and pn ∈ Cn is a smooth point of X different from pn−1. By Lemma 2.2(4),
Z(F , Ci, pi) = 1 for every 1 ≤ i ≤ n and Z(F , Ci+1, pi) = 1 for every 1 ≤ i ≤ n− 1.
In the rest of the paper, whenever we say sentences like ”C = ∪ni=1Ci is an F -chain”, we assume
C1 is the initial curve of C, and Ci · Ci+1 = 1 for all 1 ≤ i ≤ n− 1.
Definition 2.10. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X. Let C = ∪ni=1Ci be an F -chain. A curve Cn+1 is called the tail of C, if Cn+1 is an
irreducible F -invariant curve, Cn+1 6⊂ SuppC, and Cn+1 ∩ Cn = p ∈ Sing(F ).
Notice that for each F -chain, if its tail exists, it is unique: let C = ∪ni=1Ci be an F -chain,
if Cn+1 and C
′
n+1 are both tails of C, let Cn+1 ∩ Cn = q1, C
′
n+1 ∩ Cn = q2, then q1 and q2 are
both contained in Cn, which means they are both reduced singularities, thus by Lemma 2.2(4)
Z(F , Cn) ≥ 2, which means n ≥ 2, but then Cn ∩ Cn−1 is another reduced singularity of F , thus
Z(F , Cn) ≥ 3, which is not possible.
For any F -chain C = ∪ni=1Ci, we define its intersection matrix ||C|| to be the n × n matrix
||(Ci · Cj)||n×n.
Definition 2.11. Let X be a projective surface with at most cyclic quotient singularities, F be
a foliation on X. Let C = ∪ni=1Ci be an F -chain. For any Q-Cartier Q-divisor ∆ on X, if there
exists a sequence of birational contraction ν1, . . . , νn, such that for every 1 ≤ i ≤ n,
(1) νi is a birational contraction from Xi−1 to Xi, where we let X0 = X. If we define f0 = idX ,
and let fi = νi ◦ fi−1, then
(2) νi is the divisorial contraction with the exceptional locus exactly (fi−1)∗Ci;
(3) C1 is a (KF+∆)-negative extremal ray, (fi−1)∗F is a foliation, and (fi−1)∗Ci is a (K(fi−1)∗F+
(fi−1)∗∆)-negative extremal ray. (Remark: By [Bru02, Chap1, p3] and [Bru02, Chap4, p10],
K(fi−1)∗F is well-defined, and (K(fi−1)∗F + (fi−1)∗∆) is still Q-Cartier. See Lemma 2.6 below.).
then C is called a (KF +∆)-chain. If, in addition, we have the following:
(4) Xn is smooth around p, where p = (fn)∗C.
then C is called a (KF +∆)-artificial chain.
If X does not contain any (KF +∆)-artificial chain, X is called minimal with respect to (F ,∆).
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Definition 2.12. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation with at most canonical singularities, V be a set.
An F -chain C ∈ V is called maximal in V, if there does not exist a smooth rational curve
Cn+1 6⊂ SuppC such that C
′ = ∪n+1i=1 Ci is an F -chain and C
′ ∈ V .
For any Q-Cartier Q-divisor ∆ on X, an F -chain is called a maximal (KF + ∆)-(artificial)
chain if it maximal in the set of all the (KF +∆)-(artificial) chains.
Definition 2.13. Let X be a smooth threefold. Let F be a rank 1 foliation on X. Let π : X → T
be a smooth morphism to a curve, and for every t ∈ T , let Xt = π
−1(t) be the fiber. (Xt,Ft)|t∈T
is called a smooth family of foliations of surfaces (with at most canonical singularities) given by π
if:
(1) F is tangent to the fibers of π;
(2) For every t ∈ T,Xt is a smooth projective surface;
(3) The singular set Sing(F ) is of pure codimension 2 in X and cuts each Xt in a finite set;
(4) For any t ∈ T , Ft = F |Xt is a rank 1 foliation on Xt with at most canonical singularities.
Definition 2.14. Let X be a projective surface. For any curve C ⊂ X, we define the (algebraic)
Euler characteristic χ(C) to be χ(C) = −KX · C − C
2.
Definition 2.15. For any projective variety X of dimension n, any Q-Cartier Q-divisor D on X,
we define the stable base locus B(D) of D to be ∩m≥1Bs(|mD|), where Bs(|mD|) is the base locus
of mD. We define B+(D) to be B(D− ǫA), B−(D) to be B(D+ ǫA), where A is an ample divisor,
and 0 < ǫ≪ 1 is any rational number whose upper bound only depends on A. B+(D) and B−(D)
are well-defined regardless of the ample divisor A we pick: see [Nak00], [Laz04, 10.3].
We define the volume of D to be
vol(X,D) = lim sup
m→∞
n!h0(X,mD)
mn .
Definition 2.16. For any projective variety X, any nef Q-divisor P on X, we define Null(P ) to
be the union of all the irreducible curves C on X such that P · C = 0.
Definition 2.17. Let X be a smooth projective variety, π : X → T a smooth morphism, such that
for every t ∈ T , Xt = π
−1(t) is the fiber. Let |D| be a linear system on X, then we define |D|t to
be the restriction of |D| to Xt.
2.2 The Classical Theory
In this part we will review several well-known statements, and give some small improvements
for some of them. Most of the lemmas are classical statements of foliated surfaces, which can be
found in [Bru00], [Bru02], and [McQ08].
Lemma 2.3. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X, C be a curve on X such that each irreducible component of C is not F -invariant.
Then:
KF · C = −C
2 + tang(F , C).
In particular, (KF + C) · C ≥ 0.
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Proof. The proof follows from [Bru00, Chap2, Prop2] whenX is smooth, and [Bru02, Chap2, p5]
when X has cyclic quotient singularities. By Definition 2.6, tang(F , C) ≥ 0, and so (KF +C) ·C ≥
0. QED.
Lemma 2.4. Let X be a projective surface with at most cyclic quotient singularities, let F be a
foliation on X. Let C be a curve on X such that each irreducible component of C is F -invariant.
Then:
(1) KF · C = −χ(C) + Z(F , C);
(2) C2 = CS(F , C).
Proof. The proof follows from [Bru00, Chap2, Prop3], [Bru00, Chap3, Thm2] when X is
smooth, and [Bru02, Chap2, p5] when X has cyclic quotient singularities. QED.
Lemma 2.5. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X with at most canonical singularities. Let C be an irreducible smooth F -invariant
curve passing through p ∈ Sing(F ).
Let the quotient of the eigenvalues at p be λ, then
(1) If λ = 0, then either CS(F , C, p) = 0 and Z(F , C, p) = 1, or Z(F , C, p) ≥ 2;
(2) If λ 6= 0, then either CS(F , C, p) = λ, or CS(F , C, p) = 1λ . In particular, if p is Poincare´-
Dulac, there is a unique irreducible F -invariant curve C passing through p, and CS(F , C, p) > 0;
if p is reduced, there are exactly two irreducible F -invariant curves locally around p. Let C1, C2
be these two irreducible components, then {CS(F , C1, p), CS(F , C2, p)} = {λ,
1
λ}.
Proof. The number of irreducible F -invariant curves passing through p is described in [McQ08,
I.2.4]. If p is reduced (including the case that λ = 0), the proof follows from [Bru00, Chap3, Thm2].
If p is Poincare´-Dulac, we may assume λ ≥ 1 is a positive integer. By Lemma 2.1, we may assume
F is generated by (λw + zλ)dz − zdw around p. By [McQ08, I.2.4] the only possible C is locally
defined by {z = 0}, Thus
CS(F , C, p) = Res0{−
1
−λwdw|z=0} =
1
λ .
In particular, CS(F , C, p) > 0. QED.
Lemma 2.6. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X with at most canonical singularities. Let C1 be an irreducible F -invariant curve
such that KF · C1 < 0 and C
2
1 < 0. Then there exists a contraction ν : X → X1 of C1, such that
(1) ν∗F is a foliation with at most canonical singularities;
(2) ν∗C1 is either a smooth point of X1, or a cyclic quotient singularity of X1;
(3) ν∗C1 /∈ Sing(ν∗F ).
Moreover, let C = ∪ni=1Ci be a KF -chain, and assume that Cn+1 is the tail of C. For any
1 ≤ k ≤ n− 1, let fk be the contraction of C1, . . . , Ck. Then:
(4) For every 1 ≤ k ≤ n − 1, (fk)∗C is a K(fk)∗F -chain. Moreover, if we substitute ν by fk in
(1)(2)(3), those statements are still true. In particular, any KF -chain is contractible: the foliation
induced by the contraction of a KF -chain is still a foliation with at most canonical singularities on
a projective surface with at most cyclic quotient singularities;
(5) Z((fk)∗F , (fk)∗Ck+1) = Z(F , Ck+1)− 1, ∀1 ≤ k ≤ n;
In particular,
(6) If KF is pseudoeffective, any F -chain is a KF -chain.
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Proof. By using Lemma 2.4 and following the steps as in [Bru02, Chap4, p10], we can show that
C1 itself is a KF -chain, so it is a KF -negative extremal ray, thus contractible. Moreover, [Bru02,
Chap4, p10] shows (1)(2)(3). We will then prove (4) inductively.
From Definition 2.9, for every 1 ≤ i ≤ n, if we let pi = Ci ∩ Ci+1, then Z(F , Ci, pi) =
Z(F , Ci+1, pi) = 1, such that p1, . . . , pn are the only singularities of F on C. Thus, because C is
a KF -chain, KF ·C1 < 0 and C
2
1 < 0, thus it satisfies the assumptions of this Lemma. By (3) and
Lemma 2.2(3), Z((f1)∗F , (f1)∗C2) = 1 and Z((f1)∗F , (f1)∗Ck) = 2 for every k ≥ 3, which shows
that (f1)∗C is a (f1)∗F -chain, thus it is a K(f1)∗F -chain. Thus, (1)(2)(3) are true for the foliation
(f1)∗F and the curve (f1)∗C2. Thus if we substitute ν by f2, the statements in (1)(2)(3) are still
true, and inductively we find that if we substitute ν by fk for any 1 ≤ k ≤ n − 1, the statements
in (1)(2)(3) are still true. By using (4) inductively, we get (5).
(6) follows immediately from [McQ08, III.1.3]. QED.
Lemma 2.7. Let X be a projective surface, let f : X → X ′ be the contraction of an irreducible
curve E on X. Then for any Q-divisor D on X, any curve C on X, we have
f∗D · f∗C = D · C +
(C·E)
(−E2)(D · E).
Proof. See Mumford’s Intersection Theory [Mum61]. QED.
Lemma 2.8. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X with at most canonical singularities, ∆ be a Q-Cartier Q-divisor on X such that
KF +∆ is pseudoeffective. Let V be a set which only contains (KF +∆)-chains, then
(1) Two different F -chains which are maximal in V do not intersect;
(2) Two F -chains in V do not intersect unless one is a subset of the other.
Proof. First, we prove (1) under the additional assumption that V is the set of all the (KF +∆)-
chains.
Let C = ∪ni=1Ci, C
′ = ∪mi=1C
′
i be two different maximal (KF + ∆)-chains, and assume they
intersect. Let all the singularities of F on C be p1, . . . , pn, such that Ci ∩ Ci+1 = pi for every
1 ≤ i ≤ n− 1; let all the singularities of F on C ′ be q1, . . . , qm, such that C
′
i ∩ C
′
i+1 = qi for every
1 ≤ i ≤ m − 1. Without loss of generality we assume that n ≥ m. There are several possibilities
for the qi’s and the pi’s:
(a) {q1, . . . , qm−1} ⊂ {p1, . . . , pn−1} and m ≥ 2. By Lemma 2.5(2), because C
′ is exactly the
union of all the irreducible F -invariant curves passing through q1, . . . , qm−1 and C is exactly the
union of all the irreducible F -invariant curves passing through p1, . . . pn−1, C
′ ⊂ C. So either
C ′ = C, or C ′ is not maximal, a contradiction;
(b) Either m = 1, in this case by Lemma 2.5(2), q1 = pn; or m ≥ 2, then there exists 1 ≤ i ≤
m− 1 such that qi /∈ C. We want to show that there exists a 1 ≤ r ≤ n such that C
′
r intersects Cn,
C ′r is not a component of C, and C
′
1 . . . , C
′
r−1 does not intersects C.
If m = 1, we take r = 1; if m ≥ 2, pick the minimum i such that qi /∈ C. We want to show that
i 6= 1: Otherwise, because i 6= 1, q1 ∈ C, thus by Lemma 2.5(2) either q1 = pn and C
′
1 ∩ C = pn,
or q1 = p1. If q1 = p1, inductively using Lemma 2.5(2), we find that p2 = q2, . . . , pi = qi, so qi ∈ C,
a contradiction. Thus i = 1, and q1 = pn, inductively using Lemma 2.5(2) again we find that
qi = pn−i+1 ∈ C, a contradiction. So i = 1. Because C and C
′ intersect, we can find a minimum r
such that qr ∈ C but q1, . . . , qr−1 /∈ C. In this case, C
′
r is not a component of C but C
′
r ∩ C 6= ∅.
Using Lemma 2.5(2) again, we find that C ′r ∩ C = pn.
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Thus, there always exists a 1 ≤ r ≤ n such that C ′r intersects Cn, C
′
r is not a component of C,
and C ′1 . . . , C
′
r−1 does not intersect C. It suffice to show that this is impossible.
From the definition of a (KF +∆)-chain, we know that ∪
r
i=1C
′
i is a (KF +∆)-chain. Let q1 be
the contraction of ∪ri=1C
′
i, using Lemma 2.7 inductively, we find that
(i) (K(q1)∗F + (q1)∗∆) · (q1)∗Ci = (KF + ∆) · Ci < 0,∀1 ≤ i ≤ n − 1 because Ci does not
intersects ∪rj=1C
′
j ;
(ii) (K(q1)∗F + (q1)∗∆) · (q1)∗Cn < (KF +∆) · Cn < 0 because ∪
r
i=1C
′
i is a (KF +∆)-chain;
(iii) ((q1)∗Ci)
2 < 0,∀1 ≤ i ≤ n by (i)(ii) and the assumption that KF +∆ is pseudoeffective.
In particular, when n ≥ 2, ∪n−1i=1 (q1)∗Ci is a (K(q1)∗F +(q1)∗∆)-chain . Let q2 be the contraction
of ∪n−1i=1 (q1)∗Ci (we let q2 = id if n = 1), then using Lemma 2.7 again,
(K(q2◦q1)∗F + (q2 ◦ q1)∗∆) · (q2 ◦ q1)∗Cn ≤ (K(q1)∗F + (q1)∗∆) · (q1)∗Cn < 0.
By Lemma 2.6(5), if n > 1, Z((q2 ◦ q1)∗F , (q2 ◦ q1)∗Cn) = Z(F , Cn) − 2 = 0; and if n = 1,
Z((q2 ◦ q1)∗F , (q2 ◦ q1)∗Cn) = Z(F , Cn)−1 = 0 . Thus by Lemma 2.6(3), there are no singularities
of (q2 ◦ q1)∗F on (q2 ◦ q1)∗Cn, and by Lemma 2.2(3)(4), Lemma 2.4(2), ((q2 ◦ q1)∗Cn)
2 = 0. On
the other hand, because (KF +∆) is pseudoeffective, (K(q2◦q1)∗F + (q2 ◦ q1)∗∆) is pseudoeffective,
so ((q2 ◦ q1)∗Cn)
2 < 0, a contradiction. Thus we have proved (1) under the additional assumption.
To prove (2), let D = ∪ni=1Di and E = ∪
m
i=1Ei be two (KF +∆)-chains in V and suppose they
intersect. Without loss of generality we assume n ≥ m. Let D′ = ∪n
′
i=1Di and E
′ = ∪m
′
i=1Ei be
maximal (KF +∆)-chains containing D and E (D
′ and E′ may not in V ), then D′ and E′ intersect,
thus D′ = E′. Because the initial curve of an F -chain is unique, D1 = E1, . . . ,Dm = Em, which
means D contains E. Thus we have proved (2). Notice that if D, E as above are both maximal,
then D = E, (1) follows immediately. QED.
Lemma 2.9. Let X be a projective surface with at most cyclic quotient singularities. Let F be a
foliation on X with at most canonical singularities, then
KF is not pseudoeffective ⇔ KF is a fibration of rational curves.
Proof. [Bru00, Chap7, Thm1], [Bru02, Chap4, Thm1]. QED.
Lemma 2.10. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X with at most canonical singularities, then we can run the minimal model program
for KF . In particular, we can run the KF -MMP in the following way:
(A) (Nef Model) If KF is pseudoeffective, we can contract KF -negative extremal rays on X
step by step until KF is nef, such that each contraction induces a foliation with at most canonical
singularities;
(B) (Fano Contraction) If KF is not pseudoeffective, we do nothing.
In particular, if KF is pseudoeffective, the KF -MMP we constructed above can be given by
two birational contractions φ : X → X ′′ and ν : X ′′ → X ′, such that
(1) X ′′ does not contain any artificial Kφ∗F -chains; In particular, φ = φn ◦ . . . ◦ φ1, such that
φi is the contraction of all the maximal K(φi−1◦...φ1)∗F -artificial chains;
(2) The curves contracted by ν are exactly all the maximal Kφ∗F -chains, denoted by N ;
(3) If X ′′ is smooth, let N ′ be the negative part of the Zariski decomposition of Kφ∗F . If N
does not contains any irreducible curve C such that C2 = −1, then SuppN ′=N .
Proof. When KF is pseudoeffective, (A) and (1)(2)(3) follow from Lemma 2.6(6), [McQ08,
III.2] and [Bru00, Chap8, Thm1]. If KF is not pseudoeffective, by Lemma 2.9 it is a fibration by
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rational curves, thus the contraction of the generic fiber is a Fano contraction, i.e. a contraction
with relative Picard number 1. QED.
Lemma 2.11. Let X be a smooth projective surface. Let F be a foliation on X with at most
canonical singularities.
Let C be an irreducible smooth rational F -invariant curve such that C2 = −1, Z(F , C) = 1
or 2, and there are only reduced singularities on C. Let ν : X → X ′ be the contraction of C,
then ν is a blow-down to a smooth surface. Moreover, ν∗F is a foliation with at most canonical
singularities, and
(1) If there is one reduced singularity on C and Z(F , C) = 1, ν is the blow-down to a nonsingular
point of ν∗F ; for any smooth rational F -invariant curve C
′ such that C ′∩C is a reduced singularity
of F , Z(ν∗F , ν∗C
′) = Z(F , C ′)− 1;
(2) If there are two reduced singularities on C and Z(F , C) = 2, ν is the blow-down to a
reduced singularity of ν∗F ; for any smooth rational F -invariant curve C
′ such that C ′ ∩ C is a
reduced singularity of F , Z(ν∗F , ν∗C
′) = Z(F , C ′);
On the other hand, for any p ∈ X, let π : X¯ → X be the blow-up of p, let E be the exceptional
curve, then E2 = −1, and
(3) If p /∈ Sing(F ), then Kπ∗F = π
∗KF +E, Z(F , E) = 1, and E contains exactly one reduced
singularity of π∗F ; if p is contained in an F -invariant curve C ′, then Z(F , C ′) = Z(π∗F , π∗C ′)−1;
(4) If p ∈ Sing(F ) and p is reduced, then Kπ∗F = π
∗KF , Z(F , E) = 2, and E contains
exactly two reduced singularities of π∗F ; if p is contained in an F -invariant curve C ′, then
Z(F , C ′) = Z(π∗F , π∗C ′).
Proof. Notice that all the curves we deal with contain only reduced singularities, [Bru00,
Chap5, p72] shows that ν∗F still has at most canonical singularities. Thus (1)(2) follow from
[Bru00, Chap5, p72], and (3)(4) follow from [Bru00, Chap8, p114-115]. QED.
Lemma 2.12. Let X = X0 be a smooth projective surface. Let F be a foliation on X with at
most canonical singularities. Let C = ∪ni=1Ci be a KF -artificial chain, and ν : X → X
′ be the
contraction of C. Then
(1) ν can be written as νn ◦ νn−1 . . . ◦ ν1, such that νi : Xi−1 → Xi is a blow down to a smooth
surface, where X0 = X and Xn = X
′;
(2) For any 1 ≤ i ≤ n, there exists foliations Fi on Xi such that Fi has at most canonical
singularities, where F0 = F , and (νi)∗Fi−1 = Fi. If i ≤ n− 1, (νi ◦ . . . ν1)∗C is a KFi-chain.
Proof. By [Bru00, Chap8, p113], if each Ci has self-intersection C
2
i ≤ −2, ν∗C is a cyclic
quotient singularity of Xn, which is not possible because C is artificial. Because X
′ is smooth,
there exists an i, 1 ≤ i ≤ n, such that C2i = −1. Let ν1 : X → X1 be the contraction of Ci. By
Lemma 2.11(1)(2), the contraction of Ci is a blow-down, X1 is smooth, and ν1 induces a foliation
F1 on X1 with at most canonical singularities. Using Lemma 2.7 for Ci−1 and Ci+1, (ν1)∗C is a
F1-chain.
If (ν1)∗C is a point, we have finished the proof; otherwise, notice that by Lemma 2.4(1),
KF · Ci = 0 if i > 1 and KF · Ci = −1 if i = 1, by Lemma 2.7, we find that (ν1)∗C is an artificial
F1-chain. Then we can repeat the above process, and after finite many blow-down to smooth
surfaces, we get a contraction of C. Because the contraction of C is unique, it must be ν. Thus ν
is the composite of these blow-down. QED.
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Lemma 2.13. Let X be a smooth projective surface, F be a foliation on X with at most canonical
singularities, C = ∪ni=1Ci be a KF -chain with a tail Cn+1. Let ν : X → X
′ be the contraction of
C. Then:
(1) Kν∗F · ν∗Cn+1 = KF · Cn+1 − det(−||C||)
−1;
(2) C is a KF -artificial chain if and only if det(−||C||) = 1.
Proof. (1) follows from [McQ08, III.1.3], which is a direct calculation using Lemma 2.7. Because
X is smooth, C is KF -artificial if and only if X
′ is smooth. Because ν contracts C to a point on
ν∗Cn+1, C is artificial if and only if ν∗Cn+1 contains no singular point of X
′. By Lemma 2.6(4),
if ν∗C is not a smooth point of X
′, it is a cyclic quotient singularity on X ′. Assume the order of
the cyclic quotient singularity is p, by [Bru02, Chap2, p5], χ(ν∗Cn+1) = χ(Cn+1) + (
1
p − 1). If ν∗C
is a smooth point of X ′, χ(ν∗Cn+1) = χ(Cn+1). Thus, C is a KF -artificial chain if and only if
χ(ν∗Cn+1) = χ(Cn+1).
Using (1) and Lemma 2.4(1), we have
χ(ν∗Cn+1) = Z(ν∗F , ν∗Cn+1)−Kν∗F · ν∗Cn+1
= (Z(F , Cn+1)− 1)− (KF · Cn+1 − det(−||C||)
−1)
= χ(Cn+1) + (det(−||C||)
−1 − 1).
Thus C is a KF -artificial chain if and only if det(−||C||) = 1. QED.
Lemma 2.14. Let X be a smooth projective surface, F be a foliation on X with at most canonical
singularities. If C = ∪ni=1Ci is an F -chain such that for every 2 ≤ i ≤ n, C
2
i ≤ −2, then C is a
KF -chain.
Proof. If n = 1, by Lemma 2.4(1), KF · C < 0, C
2
1 < 0, thus C is a KF -chain. For n ≥ 2,
by Lemma 2.4(1), KF · C1 < 0, and because C
2
1 < 0, let ν1 be the contraction of C1, then ν1 is a
divisorial contraction. Notice that ((ν1)∗C2)
2 = C22 +
1
−C2
1
≤ −1, ((vi)∗Ci)
2 = C2i for every i > 2,
substitute C by ν∗C, inductively we find that C is a KF -chain. QED.
We state two deformation lemmas that we will use later:
Lemma 2.15. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities given by π : X → T . For any s ∈ T , let Cs = ∪ni=1Ci,s be an Fs-chain in Xs,
such that each component Ci,s has self-intersection number C
2
i,s ≤ −2. Then there exists an open
neighborhood U of s, hypersurfaces C1, . . . , Cn ⊂ π
−1(U), such that for every 1 ≤ i ≤ n, every
t ∈ U , Ci is transverse to Xt, and if we define Ci ∩Xt = Ci,t, ∪
n
i=1Ci,t is an Ft-chain.
Proof. Because each Cs only contains reduced singularities, the proof follows immediately from
[Bru01, Lemme 3]. Notice that we do not need KF to be pseudoeffective. QED.
Lemma 2.16. Let X be a smooth threefold, π : X → T be a smooth morphism to a curve, and
X0 be a closed fiber of π. Let C0 be a smooth rational curve on X0 such that C
2
0 = −1, then
(1) After possibly shrinking T to an open neighborhood of 0, there exists a hypersurface E
transverse to the fibers of π, such that E|X0 = C0, and Ct := E|Xt is a smooth rational curve such
that C2t = −1;
(2) After possibly shrinking T more, there exists a birational contraction ν : X → X ′, a smooth
morphism π′ : X ′ → T , such that π = π′ ◦ ν, and νt := ν|Xt is the contraction of Ct for all t ∈ T .
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Proof. (1) follows from [Kod63]. (2) follows from [FM94, Thm 1.11] if κ(X) = −∞ and [FM94,
Thm 1.12 and Thm 1.16] if κ(X) ≥ 0. QED.
Finally, we state three technical lemmas:
Lemma 2.17. Let X be a projective variety, let ∆, G be two Q-Cartier Q-divisors on X such that
∆ ≥ 0, κ(G) ≥ 0, and ∆ ∧B(G) = 0. Let f : X → Y be a birational contraction, then (f∗∆) ≥ 0
and (f∗∆) ∧B(f∗G) = 0.
Moreover, if X is a projective surface, f is a sequence of contractions of curves with negative
self-intersections, then if ∆, G are two Q-divisors on X such that ∆ ≥ 0, G is pseudoeffective, and
∆ ∧B−(G) = 0 (resp. G is big and ∆ ∧B+(G) = 0), then (f∗∆) ∧B−(f∗G) = 0 (resp. f∗G is big
and (f∗∆) ∧B+(f∗G) = 0).
Proof. For the first argument, because f is a birational contraction, (f∗∆) ≥ 0. Pick a suf-
ficiently divisible m, and let |mG| be the linear system of mG, let ∆ = Σni=1aiDi be the sum
of its irreducible components, where for every i, ai 6= 0. Then for every 1 ≤ i ≤ n, there exists
Gi > 0, Gi ∈ |mG| such that Di 6⊂ SuppGi. Thus f∗Di 6⊂ Suppf∗Gi. Because f is a birational
contraction, f∗Gi ∈ |mf∗G|, so (f∗∆) ∧B(f∗G) = 0.
For the second statement, pick an ample divisor A on X, then by Lemma 2.7, f∗A is an ample
divisor on Y . If ∆ ∧B−(G) = 0 (resp. G is big and ∆ ∧B+(G) = 0), pick 0 < ǫ ≪ 1, such that
B−(G) = B(G+ ǫA) and B−(f∗G) = B(f∗G+ ǫf∗A) (resp. B+(G) = B(G− ǫA) and B+(f∗G) =
B(f∗G− ǫf∗A)). Thus (f∗∆) ∧B−(f∗G) = (f∗∆) ∧B(f∗G+ ǫf∗A) = (f∗∆) ∧B(f∗(G + ǫA)) = 0
(resp. (f∗∆) ∧B+(f∗G) = (f∗∆) ∧B(f∗G− ǫf∗A) = (f∗∆) ∧B(f∗(G− ǫA)) = 0). QED.
Lemma 2.18. (1) Let E = ||ei,j ||n×n be a negative definite matrix, such that ei,j ≥ 0 if i 6= j. If
a = (a1, . . . , an) is a vector such that all the coefficients of aE are greater or equal to zero, then for
each 1 ≤ i ≤ n, ai ≤ 0.
(2) (Negativity Lemma) Let X,Y be projective varieties, f : Y → X be a birational contraction
with exceptional divisors Ei. If D = ΣaiEi is f -nef, then −D is effective.
Proof. To prove (1), write a = b − c where b = (b1, . . . , bn) and c = (c1, . . . , cn), such that for
every 1 ≤ i ≤ n, bi ≥ 0, ci ≥ 0, and bici = 0. Then aEb
T = bEbT − cEbT ≥ 0, but bEbT ≤ 0 and
cEbT ≥ 0, so bEbT = 0, thus b = 0. So for every 1 ≤ i ≤ n, ai ≤ 0.
To prove (2), if X and Y are surfaces, let D = A − B where A,B are both effective with
no common components. We have D · A = A2 − A · B ≥ 0. But A2 ≤ 0 and A · B ≥ 0, thus
A2 −A · B = 0 so A = 0. So −D = B is effective.
For higher dimensional case, assume dimX = n, we cut X by n− 2 general hypersurfaces, and
reduce to the surface case. QED.
Lemma 2.19. Let X be a projective surface, K be a pseudoeffective Q-Cartier Q-divisor on X
such that K = P + N is the Zariski decomposition where P is the positive part and N is the
negative part. Then B−(K) = SuppN , and B+(K) = Null(P ) if K is big.
Proof. The statements follow from [ELMNP3, 2.19] and [ELMNP1, 3.4]. QED.
3 Foliated Pairs
In this first part of this section, we will discuss the structure of the MMP for foliated surface
pairs and a vanishing theorem, which will induce Theorem 1.4. In the second part of the section,
we will analyze some deformation properties of foliated surfaces pairs.
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3.1 The Minimal Model Program of Foliated Surface Pairs
Lemma 3.1. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X with at most canonical singularities. Let ∆ ≥ 0 be a Q-Cartier Q-divisor on X such
that KF +∆ is pseudoeffective and ∆ ∧B−(KF + ∆) = 0. Let C be an irreducible curve on X.
If (KF +∆) · C < 0, then:
(1) C is a smooth rational curve: in particular C ∼= P1;
(2) C is F -invariant;
(3) Z(F , C) = 1;
(4) C ∩ Sing(F ) = {p}, which is a reduced singularity; let λ be the quotient of the eigenvalues
of F at p, then λ < 0, and λ is a negative rational number;
(5) C passes through at most 1 point in Sing(X).
Proof. Because ∆ ∧B−(KF +∆) = 0, if (KF +∆) · C < 0, ∆ ·C ≥ 0 so KF · C < 0. Because
KF +∆ is pseudoeffective, C
2 < 0. By Lemma 2.3, if C is not F -invariant, 0 > KF · C + C
2 =
tang(F , C) ≥ 0, a contradiction. Thus C is F -invariant.
Because F has at most canonical singularities, for any p ∈ C ∩ Sing(F ), by Lemma 2.2(3)(4)
and Lemma 2.4(1), we have
0 > KF · C = −χ(C) + Z(F , C) ≥ −χ(C).
Thus χ(C) > 0, which means C is a smooth rational curve.
Because χ(C) ≤ 2, Z(F , C) < 2. Because C2 < 0, by Lemma 2.4(2), CS(F , C) < 0, thus C
passes through at least 1 point in Sing(F ), otherwise C∩Sing(F ) = ∅, so CS(F , C) = 0. Because
C is smooth, by Lemma 2.2(2)(4), Z(F , C) ≥ 1. Thus Z(F , C) = 1, and C ∩ Sing(F ) = {p}.
Notice that if λ 6= 0, 0 > C2 = CS(F , C, p) = λ (or 1λ), by Lemma 2.5(2), p cannot be a
Poincare´-Dulac singularity, so it must be a reduced singularity, and λ must be negative. If λ = 0,
by Lemma 2.5(1) either CS(F , C, p) = 0 or Z(F , C, p) ≥ 2, both of which are not possible. Because
C2 is a negative rational number, λ is a negative rational number.
Because 0 > −χ(C) + Z(F , C) = −χ(C) + 1, χ(C) > 1. If C contains at least 2 points
in Sing(X), let these points be p1, . . . , pk. Assume for each 1 ≤ i ≤ k, pi is a cyclic quotient
singularities of order ri ≥ 2. Then because the topological Euler characteristic of C is 2, (as in
[Bru02, Chap2, p5]) χ(C) = 2+Σ( 1ri − 1) ≤
1
r1
+ 1r2 ≤ 1, a contradiction. So C contains at most 1
point in Sing(X). QED.
Lemma 3.2. Let X be a projective surface with at most cyclic quotient singularities. Let F be a
foliation on X with at most canonical singularities. Let ∆ ≥ 0 be a Q-Cartier Q-divisor on X such
that KF +∆ is pseudoeffective, and ∆ ∧B−(KF +∆) = 0.
Then we can run the (KF +∆)-Minimal Model Program on X: In particular,
(1) There exists a birational contraction ν : X → X ′ such that Kν∗F + ν∗∆ is nef;
(2) We can write ν = rn ◦ rn−1 ◦ . . . ◦ r1, such that ∀1 ≤ i ≤ n − 1, ri is the contraction
of (K(ri−1◦...◦r1)∗F + (ri−1 ◦ . . . ◦ r1)∗∆)-artificial chains, and rn is the contraction of all the
(K(rn−1◦...◦r1)∗F + (rn−1 ◦ . . . ◦ r1)∗∆)-chains, none of which is artificial;
(3) If X does not contain any (KF + ∆)-artificial chains, let V be the set of all the curves
contracted by ν. Then SuppV is exactly the disjoint union of all the maximal (KF +∆)-chains;
(4) Every (KF + ∆)-chain is a KF -chain. In particular, if KF is pseudoeffective, then every
step of the (KF +∆)-Minimal Model Program is a step of the KF -Minimal Model Program.
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Proof. First we prove that we can run the (KF +∆)-Minimal Model Program on X.
If (KF +∆) is nef, we do nothing and we are done. If not, we pick a (KF +∆)-negative extremal
ray C. By Lemma 3.1(1)(2)(4), C is a smooth rational F -invariant curve and C ∩ Sing(F ) =
{p} which is a reduced singularity. Let f : X → X1 be the contraction of C, then by Lemma
2.6(2), f∗C is either a smooth point of X1 or a cyclic quotient singularity of X1. By Lemma 2.17,
(f∗∆) ∧B−(Kf∗F + f∗∆) = 0 and f∗∆ ≥ 0. Substitute (X,F ,∆) by (X1, f∗F , f∗∆), and repeat
the above process. Because Sing(F ) is isolated, it is a finite set, then by Lemma 2.6(3), the number
of singularities of f∗F is strictly less than the number of singularities of F . Thus we must stop
after finitely many steps, and get a birational contraction ν : X → X ′ such that ν∗(KF + ∆) is
nef. Thus we have proved (1).
To prove (2), define X0 = X, f0 = idX , and inductively define ri, fi and Xi for i ≥ 1: Let ri be
a map from Xi−1 to Xi, which is a contraction of all the (K(fi−1)∗F + (fi−1)∗∆)-artificial chains,
and let fi = νi ◦ fi−1. Then for some n ≥ 0, Xn does not contain any (K(fn)∗F + (fn)∗∆)-artificial
chains. Substitute X by Xn, so that X does not contain any (KF +∆)-artificial chains, and (2) is
now immediate from (3).
To prove (3), assume X does not contain any (KF + ∆)-artificial chains. To simplify our
statement, we start with X0 = X, and f0 = idX . We inductively pick νi : Xi−1 → Xi to be
a birational contraction of an irreducible (K(fi−1)∗F + (fi−1)∗∆)-negative extremal ray (fi−1)∗Ci,
where Ci is an irreducible curve in X, and fi = νi ◦ νi−1 ◦ . . . ◦ ν1. Then for some m ≥ 0, Xm = X
′,
and ν = νm ◦ νm−1 . . . ◦ ν1. Define
W = {Ci|1 ≤ i ≤ m,Ci is contained in a (KF +∆)-chain}.
Pick 1 ≤ j ≤ m to be the minimal integer such that Cj /∈W . By Lemma 3.1(2)(3),(fj−1)∗Cj is
F -invariant, and Z((fj−1)∗F , (fj−1)∗Cj) = 1, so by Lemma 2.6(5) Z(F , Cj) ≥ 1. If Z(F , Cj) = 1,
by Lemma 3.1(1)(4)(5), Cj itself is a (KF +∆)-chain, which is not possible. So Z(F , Cj) ≥ 2. If
Z(F , Cj) ≥ 3, because for every i < j, Ci ∈ W , by Lemma 2.6(4) the contraction of (fi−1)∗Ci is
a cyclic quotient singularity of X, (fj−1)∗Cj contains at least 2 cyclic quotient singularities of Xi,
which contradicts to Lemma 3.1(5).
Thus Z(F , Cj) = 2, and there exists exactly one curve Ci such that i < j and Ci ∩ Cj = {p}:
if there are no such Ci, by Lemma 2.4(1), K(fj−1)∗F · Cj ≥ 0 but (K(fj−1)∗F + (fj−1)∗∆) · Cj < 0,
contradicts to ∆ ∧ B−(KF + ∆) = 0; if there are at least two such i, it contradicts to Lemma
3.1(5).
Let us pick the Ci such that i < j and Ci ∩ Cj 6= ∅. But then Ci is contained in some
(KF + ∆)-chain D = ∪
k
l=1Cil such that ik = i, and for every 1 ≤ l ≤ k − 1, il < il+1. By
Lemma 2.8, for each 1 ≤ i < j, Ci is either a component of D or disjoint D. Thus, possibly
after contractions of other curves that are disjoint from D, the contraction of D will give a cyclic
quotient singularity on (fj−1)∗Cj. Then by Lemma 3.1(1)(5), Cj must be smooth rational curve
such that Cj ∩ Sing(X) = ∅. Moreover by Lemma 2.7, C
2
j < ((fj−1)∗Cj)
2 < 0. Thus D ∪ Cj is a
(KF +∆)-chain, contradicts to Cj /∈W .
Thus each curve contracted by ν is contained in W , and since every curve in W is a component
of a (KF + ∆)-chain, it is contracted by ν. Thus SuppW =SuppV . By Lemma 2.8, SuppV is
exactly the disjoint union of all the maximal (KF +∆)-chains. Thus we have proved (3).
To prove (4), notice that if (KF +∆) ·C < 0, ∆ ·C ≥ 0 thus KF ·C < 0. Use this fact for any
(KF + ∆)-chain C
′, we find that C ′ is also a KF -chain. In particular, if KF is pseudoeffective,
every (KF +∆)-negative extremal ray is a KF -extremal ray, thus every step of the (KF +∆)-MMP
is a step of the KF -MMP. QED.
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Lemma 3.3. Let X be a projective surface with at most cyclic quotient singularities, F be a
foliation on X with at most canonical singularities, ∆ ≥ 0 be a Q-Cartier Q-divisor on X such that
KF +∆ is pseudoeffective and ∆ ∧B−(KF +∆) = 0. Let ν be the contraction from X to X
′ as
in Lemma 3.2(1), such that Kν∗F + ν∗∆ is nef. Define ∆
′ = ν∗∆,F
′ = ν∗F , write
KF +∆ = ν
∗(KF ′ +∆
′) +N .
Then N ≥ 0.
Proof. Define f0 = idX , X0 = X. Let ν = νn ◦ . . . ◦ ν1, such that for every 1 ≤ i ≤ n,
νi : Xi−1 → Xi is a step of the (KF +∆)-MMP, and each νi only contract 1 smooth rational curve
Ci ∈ Xi−1. For every 0 ≤ i ≤ n− 1, let fi+1 = νi+1 ◦ fi; for every 0 ≤ i ≤ n, define Fi = (fi)∗F ,
∆i = (fi)∗∆. Then for every 0 ≤ i ≤ n− 1, we have
KFi +∆i = ν
∗
i+1(KFi+1 +∆i+1) + ri+1Ci+1
For every 0 ≤ i ≤ n− 1, because KFi +∆i is pseudoeffective, (KFi +∆i) ·Ci+1 < 0, C
2
i+1 < 0,
thus ri+1 > 0. Now the statement follows easily. QED.
For Lemmas 3.4-3.8, we assume the following:
(1) X is a smooth projective surface;
(2) F is a foliation with at most canonical singularities on X;
(3) ∆ ≥ 0 is a Q-Cartier Q-divisor on X such that KF +∆ is pseudoeffective and ∆∧B−(KF +
∆) = 0;
(4) X is minimal with respect to (F ,∆);
and use the following notions:
(5) ν : X → X ′ is the birational contraction as in Lemma 3.2, such that Kν∗F + ν∗∆ is nef;
(6) F ′ = ν∗F , ∆
′ = ν∗∆, P = ν
∗(KF ′ +∆
′), N = (KF +∆)− P ;
(7) V is the set of curves contracted by ν.
Lemma 3.4. Assumptions as above, we have the following:
(1) P is nef.
(2) N is effective, SuppN=SuppV , and the connected components of N are maximal (KF +∆)-
chains.
(3) The intersection matrix of N is negative definite. In particular, each (KF + ∆)-chain we
contract has negative definite intersection matrix.
(4) P · Ci = 0,∀Ci ∈ SuppN .
In particular, P and N are the positive and the negative part of the Zariski decomposition of
KF +∆.
Proof. By the construction of ν, P is nef. Let the the set of irreducible curves contracted by ν
be N ′, then SuppN ⊂ N ′, so for each Ci ∈ SuppN , P · Ci = 0. Thus we have proved (1)(4).
By Lemma 3.2, ν is the contraction of all the maximal (KF +∆)-chains. By Lemma 2.8(1) these
(KF + ∆)-chains are disjoint, so we only need to prove that for every maximal (KF + ∆)-chain
C, ||C|| is negative definite, and the irreducible components of C have coefficients strictly greater
than 0 in N .
Pick C = ∪ni=1Ci to be a maximal (KF +∆)-chain we contract. Let the coefficient of Ci in N
be λi. By Lemma 2.4(1), KF · Ci = −χ(Ci) + Z(F , Ci), KF · Ci = 0 if i > 1, KF · Ci = −1 if
i = 1.
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Define ν0 = idX . For every 1 ≤ k ≤ n − 1, define νk : X → Xk to be the contraction of
C1, . . . , Ck, Fk = (νk)∗F , ∆k = (νk)∗∆, and for every k < i ≤ n, define Ci,k = (νk)∗Ci. Then for
every 1 ≤ k ≤ n, because C is a (KF +∆)-chain, we have
(KFk−1 +∆k−1) · Ck,k−1 < 0.
For every 1 ≤ k ≤ n, because (KFk−1+∆k−1) is pseudoeffective, C
2
k,k−1 < 0. Define uk = C
2
k,k−1,
ak = C
2
k , ∆·Ck = Rk, and (KFk−1+∆k−1)·Ck,k−1 = Sk. Use Lemma 2.7 and the above assumptions,
we have
(i) ∀1 ≤ k ≤ n− 1, uk+1 = ak+1 −
1
uk
, u1 = C
2
1 ;
(ii) ∀1 ≤ k ≤ n− 1, Sk+1 = Rk+1 −
Sk
uk
, S1 = R1 − 1;
(iii) ∀1 ≤ k ≤ n, Sk < 0, uk < 0.
Now compute (KF +∆) · Ci for each Ci. We get
S1 = λ1u1 + λ2;
Ri = λi−1 + λiai + λi+1,∀1 < i < n;
Rn = λn−1 + λnan.
Thus, using induction, we get
Si = λiui + λi+1,∀1 ≤ i ≤ n− 1;
Sn = λnun.
Thus λn > 0, and if λi+1 > 0, λi =
Si−λi+1
ui
> 0. Use induction on n, all λi > 0. Let
x = (x1, ...xn) a be any non-zero real vector, then
x||C||xT =
n−1
Σ
i=1
ui(xi − xi+1)
2 + unx
2
n < 0.
Thus ||C|| is negative definite. Thus we have proved (2)(3), which means P and N are exactly
the positive and negative part of the Zariski decomposition of KF +∆. QED.
Remark: By (i)(ii), Sk is only determined by the Ri’s and the ai’s: more generally, ∀1 ≤ k ≤
n − 1, the intersection numbers of Ck+1 with K(νk)∗F + ν∗∆ is determined by the intersection
numbers of KF ,∆ with C1, . . . , Ck, and the intersection matrix ||(Ci · Cj)||1≤i,j≤k (the proof for
1 ≤ k ≤ n−1 is directly from (i)(ii); the proof for k = n is similar by using Lemma 2.7). Moreover,
if the tail of C exists, the statement is also true for k = n, where Cn+1 is defined as the tail of C.
This fact will be used when proving Lemma 3.10 and Lemma 3.12.
Lemma 3.5. Let KF + ∆ = P + N be the Zariski decomposition of KF + ∆, where N is the
negative part. Then there exists a divisor Θ on X, such that
(1) SuppΘ ⊂ SuppN ;
(2) The coefficients of the irreducible components of Θ are in (0, 1);
Moreover, for any maximal (KF +∆)-chain C = ∪
n
i=1Ci contained in N ,
(3) (KX +Θ) · Ci ≤ 0, ∀1 ≤ i ≤ n− 1;
(4) (KX +Θ) · Cn ≤ −1.
In particular, if there is a component of SuppN that is an irreducible curve E with E2 = −2,
we can pick the coefficient of Θ along E to be 12 .
Proof. Define ci = min{2 + C
2
i , 0}. Because X is smooth, each Ci is a smooth rational curve,
thus KX · Ci = −2− C
2
i . Now consider the equalities:
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c1 = (c1 − 2)λ1 + λ2;
ci = λi−1 + (ci − 2)λi + λi+1,∀1 < i < n− 1;
cn = λn−1 + (cn − 2)λn + 1.
For our convenience, we define λ0 = 0, λn+1 = 1. Consider the matrix A = ||ci,j ||1≤i,j≤n, where
for every 1 ≤ i ≤ n, ci,i = ci − 2, ci,j = 1 if |i − j| = 1, and ci,j = 0 if |i − j| > 1. Because for
every 1 ≤ i ≤ n, ci − 2 ≤ −2, A is negative definite, in particular invertible, there exists a solution
(λ1, . . . , λn) to the above equations. Let ΘC =
∑n
i=1 λiCi.
Using the equalities above, we find that (λ1, . . . , λn)A = (c1, c2, . . . , cn−1, cn − 1) and (1 −
λ1, . . . , 1 − λn)A = (−1, 0, . . . , 0). All the coefficients are less or equal to zero, thus using Lemma
2.18(1) for the matrix A by considering (λ1, . . . , λn) and (1 − λ1, . . . , 1 − λn) twice, we find that
the coefficient of λi are in [0, 1]. Moreover, if there exists 1 ≤ i ≤ n such that λi = 1, we have
ci = λi−1+(ci−2)+λi+1, so λi−1 = λi+1 = 1. Inductively we find that for every 1 ≤ i ≤ n, λi = 1,
which contradicts the equality c1 = (c1 − 2)λ1 + λ2 above.
Thus, ΘC has coefficients in [0, 1)(which is indeed (0, 1)). Now ∀1 ≤ i ≤ n− 1, we have
ΘC · Ci = 2 + C
2
i if C
2
i ≤ −2;
ΘC · Ci = λi < 1 if C
2
i = −1;
ΘC · Cn = 1 + C
2
n if C
2
n ≤ −2;
ΘC · Cn = λn − 1 < 0 if C
2
n = −1.
Thus ∀1 ≤ i ≤ n−1, (KX +ΘC) ·Ci = min{0, λi−1} ≤ 0, and (KX +ΘC) ·Cn = min{−1, λi−
2} ≤ −1. Let Θ = ΣC is a connected component of SuppNΘC where C is counted for each connected
component of N . Then Θ is a divisor satisfying (1)(2)(3)(4), and if C = E such that E2 = −2, the
coefficient of Θ along C is exactly 12 . QED.
Lemma 3.6. For any ample divisor A, any 0 < ǫ≪ 1, let
KF +∆+ ǫA = P
A +NA
be the Zariski Decomposition of KF + ∆ + ǫA where N
A is the negative part and PA is the
positive part, then SuppNA=SuppN . Moreover, a (KF +∆)-MMP is also a (KF +∆+ ǫA)-MMP,
and N ≥ NA.
Proof. Once we have fixed A, for 0 < ǫ≪ 1,
SuppNA = B−(KF +∆+ ǫA) = B−(KF +∆) = SuppN .
Moreover, since 0 < ǫ≪ 1, each step of the (KF+∆)-MMP is a step of the (KF+∆+ǫA)-MMP.
By Lemma 3.2, let ν : X → X ′ be the birational contraction corresponds to the (KF +∆)-MMP,
we have ν∗N = 0, thus ν∗N
A = 0, so ν∗(KF + ∆ + ǫA) = ν∗P
A is nef, thus ν also gives a
(KF +∆+ ǫA)-MMP.
Because (NA − N) · C = ǫA · C > 0 for any component C of N , by the Negativity Lemma
N ≥ NA. QED.
Now let us consider Null(P ) or Null(PA). We have the following:
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Lemma 3.7. Additionally assume one of the two followings conditions:
(i) Let A be an ample divisor. Pick 0 < ǫ ≪ 1 whose upper bound only depends on A, and
define PA, NA as in Lemma 3.6. Let ZA = Null(PA).
(ii) KF +∆ is big, [∆] = 0, and ∆ ∧B+(KF +∆) = 0. Let Z = Null(P ).
Then:
(1) Under the assumption (i), ZA = SuppN ;
(2) Under the assumption (ii), all the irreducible curves C contained in Z are F -invariant, and
are of the following types:
(type A) C ∈ SuppN ;
(type B) C is a nodal curve, whose unique singularity is a reduced singularity of F . Moreover,
C itself is a connected component of Z, and KF · C = ∆ · C = 0.
(type C) C is a component of a cycle: i.e. there exists smooth rational curves C = C1, . . . , Cn
such that ∪ni=1Ci is a connected component of Z, and ∀1 ≤ i, j ≤ n− 1, Ci · Cj = 1 if |i − j| = 1
or {i, j} = {1, n}, and Ci · Cj = 0 otherwise. Moreover, KF · C = ∆ · C = 0.
(type D) C∩ SuppN = ∅, Z(F , C) = 1 or 2, and C is not of type C.
(type E) C is the tail of a unique (KF +∆)-chain D such that D ∪ C is an F -chain.
(type F) C is the tail of two (KF+∆)-chainsD1 andD2, such that det(−||D1||) = det(−||D2||) =
2, and these are the only (KF +∆)-chains C intersect. In this case, C intersects at most one F -
invariant curve which is not contained in either D1 or D2.
In particular, for any curve C which is of one of the types D,E,F, the connected component of
Z\SuppN containing C is a string.
Proof. By Lemma 3.6, SuppN ⊂ ZA in case (i) and SuppN ⊂ Z in case (ii). For case (i), if
C /∈ SuppN , PA · C = 0 ⇔ (KF ′ + ∆
′ + ν∗A) · ν∗C = 0 ⇔ (KF ′ + ∆
′) · ν∗C + ν∗A · ν∗C = 0.
But by Lemma 2.7 and Lemma 3.7, because ν is a composite of contractions of smooth rational
curves with negative self-intersection, ν∗A · ν∗C > 0. Thus (KF ′ +∆
′) · ν∗C < 0, which means C
is contained in a (KF +∆)-chain, thus C ∈ SuppN , a contradiction. So C ⊂ SuppN .
For case (ii), pick any irreducible component C of Z. If C ∈ SuppN , it is of type A.
Otherwise, (KF ′ + ∆
′) · ν∗C = 0. Because ν is a sequence of contractions of curves with
negative self-intersection, using Lemma 2.7, KF ′ +∆
′ is big implies that (ν∗C)
2 < 0. Notice that
∆′ · ν∗C > (ν∗C)
2, (KF ′ + ν∗C) · ν∗C < 0, by Lemma 2.3 ν∗C is F
′-invariant, so C is F -invariant.
Moreover, because (ν∗C)
2 < 0, using Lemma 2.7 again we find that C2 < 0.
If C∩ SuppN 6= ∅, because ∆∧B+(KF +∆) = 0, (KF ′+∆
′) ·ν∗C = 0 implies that ∆
′ ·ν∗C ≥ 0,
thus KF ′ · ν∗C ≤ 0. By Lemma 2.4(1), χ(ν∗C) ≥ Z(F
′, ν∗C); by Lemma 2.2(4), Z(F
′, ν∗C) ≥ 0.
Thus χ(ν∗C) ≥ 0, and ν∗C is either a smooth rational curve or a nodal curve. Because X is
minimal with respect to (F ,∆), ν∗C contains at least 1 cyclic quotient singularity of X
′, thus
ν∗C must be a smooth rational curve. By Lemma 2.4(2) and Lemma 2.2(4), because (ν∗C)
2 < 0,
Z(F ′, ν∗C) ≥ 1. Thus, χ(ν∗C) ≥ 1.
Assume C is the tail of exactly r (KF +∆)-chains, then because by our assumption, there are
no (KF +∆)-artificial chains, we have
χ(ν∗C) =
∑r
i=1(1−
1
ni
)
where ni is the order of each singularity of X
′ on ν∗C, each ni ≥ 2. Because χ(ν∗C) ≥ 1, either
r = 1, which means Z(F , C) = 2, thus by Lemma 2.6(5), C is of type E; or r = 2 and n1 = n2 = 2,
thus by Lemma 2.4(1) and Lemma 2.13(1), and notice that 1 = χ(ν∗C) ≥ Z(F
′, ν∗C), C is of type
F.
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Now assume C∩ SuppN = ∅. Then (KF + ∆) · C = 0, and because ∆ ∧ B+(KF + ∆) = 0,
∆ · C ≥ 0. Because KF + ∆ is big, C
2 < 0. Thus KF · C ≤ 0. By Lemma 2.4(1), χ(C) ≥
Z(F , C) ≥ 0.
If χ(C) = 0, Z(F , C) = 0 but by Lemma 2.4(2) C ∩ Sing(F ) 6= ∅, thus by Lemma 2.2(4) C
must be a nodal curve, whose singularity p is exactly a singularity of F . Because F only contains
canonical singularities, and by Lemma 2.5(2), p cannot be a Poincare´-Dulac singularity, thus it
must be a reduced singularity. Moreover, if there exists any other singularity q of F on C, because
C must be smooth at q, by Lemma 2.2(4), Z(F , C, q) > 0, so Z(F , C) ≥ 1, a contradiction.
Thus, C only contains the unique singularity p of F . Moreover, by Lemma 2.4(1), KF ·C = 0, so
∆ · C = 0, thus C is of type B;
If χ(C) = 2, C is a smooth rational curve. Thus Z(F , C) = 1 or 2. Consider the connected
component G of Z\SuppN which contains C. From the classification above, either G intersects
SuppN , or Z(F , Ci) ≤ 2 for each irreducible component Ci of G. Thus if G∩ SuppN = ∅, G is
either a cycle, in this case Z(F , C) = 2, thus by Lemma 2.4(1) KF ·C = 0 so ∆ ·C = 0, thus C is
of type C; or G is a string, thus C is of type D. If G∩SuppN 6= ∅, each curve contained in G that
intersects SuppN must be of type E or type F , thus G must be a string. Thus C is of type D.
In particular, from the classification above, we can see that the connected component of
Z\SuppN that contains a curve C of one of the types D,E,F is a string. QED.
Lemma 3.8. Let A be an ample divisor. Pick 0 < ǫ≪ 1 whose upper bound only depends on A,
and define PA, NA as in Lemma 3.6. Then for m sufficiently divisible,
(1)H i(X,mPA) = 0,∀i > 0;
(2) Assume that KF +∆ is big, [∆] = 0, and ∆ ∧B+(KF +∆) = 0. Moreover, assume there
are no irreducible curves with self-intersection −1 contained in any (KF + ∆)-chain C such that
det(−||C||) = 2. Then H i(X,mP ) = 0,∀i > 0.
Proof. Pick ΘA for KF + (∆ + ǫA), Θ for KF + ∆ as in Lemma 3.5. For (2),(3), use the
classification as in Lemma 3.7(2), let the union of curves inNull(P ) of type B, type C be Γ = ∪ni=1Γi,
the union of curves in Null(P ) of type D, type E and type F be R = ∪pi=1Ci, where Γi and Ci are
connected components.
To prove (1), by Lemma 3.7(1), if PA · C = 0, then C ⊂ SuppN , so (KX +Θ
A) · C ≤ 0.
Because KF + ∆ + ǫA is big, P
A is big. So we can pick a sufficiently large m0 such that
m0P
A − (KX +Θ
A) is big.
Then there exists m ≥ m0 such that mP
A is Cartier, and mPA−(KX+Θ
A) is also nef: assume
m0P
A−(KX+Θ
A) ≡Q ΣajEj where each aj > 0, each Ej is a prime divisor, which is an irreducible
curve; then we can pick m ≥ m0 such that mP
A is Cartier, and (mPA− (KX+Θ
A)) ·Ej ≥ 0 for all
j. Thus, (mPA− (KX +Θ
A)) ·C ≥ 0 for any irreducible curve C, which means mPA− (KX +Θ
A)
is big and nef.
Notice that ΘA is simple normal crossing, all the coefficients of ΘA are in (0, 1), and so by
Kawamata-Viehweg vanishing,
H i(X,mPA) = H i(X,KX + (mP
A − (KX +Θ
A)) + ΘA) = 0.
To prove (2), we use similar methods. Notice that each Γi is Cohen-Macaulay with trivial
dualizing sheaf. Moreover, KF |Γi is not torsion by [McQ08, IV.2.2]. Notice that ∆ ∧ B+(KF +
∆) = 0, and Γi is contained in Null(P ) which is exactly B+(KF + ∆), thus any irreducible
component of Γi is not a component of ∆. By Lemma 3.7(2), ∆ · Γi = 0, thus ∆ does not
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intersect Γi, so (KF + ∆)|Γi=KF |Γi is not torsion. Thus, because OΓi(mP ) = OΓi(KF ), by
Serre duality, for every 1 ≤ i ≤ n, m sufficiently divisible, h1(Γi,mP ) = h
0(Γi,−mP ) = 0, thus
h0(Γi,mP ) = h
1(Γi,−mP ) = 0.
For each 1 ≤ i ≤ p, m sufficiently divisible, we have deg(mP )|Ci = 0. Notice that the genus
of each Ci is g(Ci) = 0, deg(mP )|Ci = 0 > 2g(Ci) − 2, so by Serre duality h
1(Ci,mP ) = 0. Thus
h1(R ∪ Γ,mP ) = 0. Because Γ ∩R = ∅, we have the short exact sequence
0→ OX(mP −R− Γ)→ OX(mP )→ OR∪Γ(mP )→ 0
which gives the exact sequence
0→ H0(X,mP−R−Γ)→ H0(X,mP )→ H0(R∪Γ,mP )→ H1(X,mP−R−Γ)→ H1(X,mP )→ 0
and
H2(X,mP −R− Γ) ∼= H2(X,mP ).
Now let us consider Q = KX +Θ+R+Γ, for each irreducible curve C contained in Z, by using
the classification as in Lemma 3.7(2), we have
If C is of type A, by Lemma 3.7(2) Γ · C = 0. When C ∩ R = ∅, by Lemma 3.5(3) Q · C =
(KX+Θ) ·C ≤ 0; when C∩R 6= ∅, because R does not contain any component of (KF +∆)-chains,
each component of R is F -invariant, and by Lemma 3.4(2), C is a part of a (KF + ∆)-chain,
C must be the last curve of a maximal (KF + ∆)-chain D and R contains the tail of D. Thus,
R · C = 1 and by Lemma 3.5(4) (KX +Θ) · C ≤ −1. So Q · C ≤ 0;
If C is of type B, by Lemma 3.7(2) C∩ SuppN = ∅, R ∩ C = ∅, Γ · C = C2, so Q · C =
(KX + C) · C = 0;
If C is of type C, by Lemma 3.7(2) C∩ SuppN = ∅, R ∩ C = ∅, Γ · C = C2 + 2, so Q · C =
(KX + C) · C + 2 = 0;
If C is of type D, by Lemma 3.7(2) C∩ SuppN = ∅, Γ ∩ C = ∅. Because C is a part of an
F -chain and R only contains F -invariant curves, R ·C ≤ C2+2, so Q ·C ≤ (KX +C) ·C +2 ≤ 0;
If C is of type E, by Lemma 3.7(2) Γ ∩ C = ∅. Because the coefficients of Θ are between
(0, 1), SuppΘ ⊂ SuppN , Θ · C < 1. Because R only contains F -invariant curves and C is the
tail of a chain, C intersects at most one other curve contained in R, thus R · C ≤ C2 + 1, so
Q · C < (KX + C) · C + 2 = 0;
If C is of type F, Γ ∩ C = ∅, Θ · C = 1, R · C ≤ C2 + 1, so Q · C ≤ (KX + C) · C + 2 = 0.
Thus Q ·C ≤ 0 for any curve C such that P ·C = 0. Use similar arguments as in the proof of (1),
for m sufficiently divisible, mP is Cartier and mP −Q is big and nef, thus by Kawamata-Viehweg
vanishing, for every i > 0,
H i(X,mP −R− Γ) = H i(X,KX + (mP − (KX +R+ Γ +Θ)) + Θ) = 0.
Now use the exact sequence above, we have H i(X,mP ) = 0, ∀i > 0. QED.
Proof of Theorem 1.4. By Lemma 3.7(2), B+(KF +∆) only contains F -invariant curves, but
∆ does not contain any F -invariant curve, so ∆ ∧B+(KF +∆) = 0. Because KF +∆ is nef, let
N = ∅, then Theorem 1.4 is a special case of Lemma 3.7(2). QED.
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3.2 Deformation Theory of Foliated Surface Pairs
Lemma 3.9. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities given by π : X → T . For any s ∈ T , let Cs = ∪ni=1Ci,s be a KFs-chain on Xs. Then
there exists a neighborhood s ∈ U ⊂ T , hypersurfaces C1, . . . , Cn ⊂ π
−1(U), such that for each
1 ≤ i ≤ n, each s ∈ U , Ci|Xs = Ci,s. Moreover, if we let Ci ∩Xt = Ci,t for each i and each t ∈ U ,
then Ct := ∪ni=1Ci,t is a KFt -chain.
Proof. Let Cs = ∪ni=1Ci,s be a KFs-chain. Let 1 ≤ r1 < r2 · · · < rk ≤ n be all the numbers
such that C2ri,s = −1 for any 1 ≤ i ≤ k. By Lemma 2.16(1), there exists a neighborhood U of s,
hypersurfaces Cri |
k
i=1 over U such that for every 1 ≤ i ≤ k, Cri ∩Xs = Cri,s, and Cri ∩Xt = Cri,t
is a smooth rational curve.
First we assume that there are two different Cri that intersect. In this case, we may assume
Cri,s and Cri+1,s intersect, then because they are both part of an Fs-chain, they only intersect at
a unique point p. By Lemma 3.1(4), Lemma 2.4(2), and Lemma 2.5(2), −1 ≤ CS(Fs, Cri,s, p) <
0,−1 ≤ CS(Fs, Cri+1,s, p) < 0, while CS(Fs, Cri+1,s, p) =
1
CS(Fs,Cri,s,p)
, thus CS(Fs, Cri+1,s, p) =
CS(Fs, Cri,s, p) = −1. By Lemma 2.5(1) we find that ri = 1 and ri+1 = 2, and C2,s contains
another singularity q 6= p of F , where the quotient of the eigenvalues at q is 0. Now let νs : Xs → X
′
s
be the contraction of C1,s, by Lemma 2.4(2) and Lemma 2.5(1) we find that (ν∗C2,s)
2 = 0, which is
not possible because from the definition of a KF -chain we know that Kν∗F · ν∗C2,s < 0, thus Kν∗F
is not pseudoeffective, and the contraction of ν∗C2,s will not be a divisorial contraction, contradicts
to the definition of a KF -chain.
Therefore, we can assume that two different Cri do not intersect. Then we can contract them
together at once. Let ν1 : X|π−1(U) → X1 be the contraction of all the Cri given by Lemma 2.16(2),
and let ν1,t = ν1|Xt for every t ∈ U . Because each Cri,t has self-intersection −1, X1 is smooth. We
define F1 = (ν1)∗F , and let
A1 = {(ν1,s)∗Ci,s|1 ≤ i ≤ n,Ci,s is not contracted by ν1,s}.
For every (ν1,s)∗Ci,s ∈ A1, we define C1,i,s = (ν1,s)∗Ci,s. Because F is tangent to the fibers of
π, by Lemma 2.16(2), after possibly shrinking U more we may assume that (X1|π−1(t),F1|t)|t∈U is
a smooth family of foliations.
If there exists an i such that C21,i,s = −1, after possibly shrinking U more, we can substitute
(Xt,Ft)|t∈T by (X1|π−1(t),F1|t)|t∈U and repeat our above process. Inductively we get maps νj :
Xj−1 → Xj contracting hypersurfaces, such that for each t ∈ U , νt,j := νj|Xt is a contraction of
(−1)-curves for all t ∈ U , and νs,j is a contraction of all self-intersection (−1) curves in Aj−1. Here
we inductively define
Aj = {(νj,s)∗Cj−1,i,s|1 ≤ i ≤ n,Ci,s is not contracted by νj,s},
Cj,i,s = (νj,s)∗Cj−1,i,s,
Fj = (νj)∗Fj−1,
Xj,t = Xj |π−1(t), and
Fj,t = Fj |Xj,t .
After finitely many steps, we must stop at Xm for some m, such that C
2
m,i,s ≤ −2, for every
i ∈ Am.
Without loss of generality, we may assume Am 6= ∅. By Lemma 2.15, because ∪i∈AmCm,i,s is
a KFm,s -chain, such that for every i ∈ Am, C
2
m,i,s ≤ −2, then after possibly shrinking U more,
22
for every i ∈ Am, there exist a hypersurface Cm,i such that Cm,i|Xs = Cm,i,s, and for every
t ∈ U , Cm,i|Xt = Cm,i,t, ∪i∈AmCm,i,t is an Fm,t-chain, thus by Lemma 2.14 it is a KFm,t -chain.
We may assume that for every t ∈ U , Cm,i0,t is the initial curve of ∪i∈AmCm,i,t. Then Cm−1,i,t
for every i ∈ Am−1. For any irreducible curve Cm−1,j,s contracted by νm,s, Cm−1,j,s deforms to
Cm−1,j,t ∈ Xm−1,t for every t ∈ U , and
(KFm−1,t + Cm−1,j,t) · Cm−1,j,t = (KFm−1,s + Cm−1,j,s) · Cm−1,j,s
= −χ(Cm−1,j,s) + Z(Fm−1,s, Cm−1,j,s)− 1
≤ −1.
By Lemma 2.3, Cm−1,j,t must be Fm−1,t-invariant. Consider (νm,t)∗Cm−1,j,t, which is a point
pj,t on ∪i∈AmCm,i,t. If pj,t ∈ Cm,i,t for some i 6= i0, and pj,t is a smooth point of Fm,t, then by
Lemma 2.11(1)(2), Z(Fm−1,t, Cm−1,i,t) ≥ 3, which implies
Z(Fm−1,s, Cm−1,i,s) = KFm−1,s · Cm−1,j,s + χ(Cm−1,j,s) = KFm−1,t · Cm−1,j,t + χ(Cm−1,j,t)
= Z(Fm−1,t, Cm−1,i,t) ≥ 3.
That is not possible because Cm−1,i,s is an irreducible component of an Fm−1,s-chain. Thus
either (νm,t)∗Cm−1,j,t is a reduced singularity pj,t of Fm,t on ∪i∈AmCm,i,t, or a smooth point of
Fm,t on Cm,i0,t. Let γ : X
′
m,t → Xm,t be the blow-up of all the pj,t, then by Lemma 2.11(3)(4), the
union of the strict transform of ∪i∈AmCm,i,t and the exceptional curves form a γ
∗Fm,t-chain. Using
Lemma 2.7 for a computation of intersection numbers with Kγ∗Fm,t , it must be a Kγ∗Fm,t-chain.
On the other hand, using Lemma 2.11(1)(2), because there are no two consecutive self-intersection
(−1) curves contracted by νm,t, νm,t is the blow-down of all the self-intersection (−1) irreducible
curves in ∪i∈Am−1Cm−1,i,t to the set of all pj,t, we must have γ = νm,t and X
′
m,t = Xm−1,t.
Thus ∪i∈Am−1Cm−1,i,t is a KFm−1,t -chain. Inductively repeating the above process, after possibly
shrinking U more we find that ∪ni=1Ci,t is a KFt -chain for every t ∈ U . From our construction, we
can let C1, . . . , Cn be the strict transform of the hypersurfaces we constructed in each step. Clearly
they are all transverse to the fibers of π. QED.
Lemma 3.10. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities given by π : X → T . Let ∆ ≥ 0 be a Q-Cartier Q-divisor on X such that each
component of ∆ is irreducible and reduced over every closed point of T . Assume there exists a
closed fiber Xs such that KFs +∆s is pseudoeffective and ∆s ∧B−(KFs +∆s) = 0.
Let Cs = ∪
n
i=1Ci,s be a (KFs + ∆s)-chain contained in Xs. Then there exists a neighborhood
U of s, hypersurfaces E1, . . . , En in π
−1(U) which are all transverse to the fibers of π, such that
for every t ∈ U,Ei ∩Xt = Ci,t, and Ct = ∪
n
i=1Ci,t is a (KFt +∆t)-chain.
In particular, if Cs is a (KFs + ∆s)-artificial chain, then for every t ∈ U , Ct is a (KFt + ∆t)-
artificial chain.
Proof. Let Cs = ∪
n
i=1Ci,s be a (KFs+∆s)-chain. By Lemma 3.2(4) and Lemma 3.9, there exists
a neighborhood U of s, hypersurfaces E1, . . . , En in π
−1(U) such that for every t ∈ U,Ei∩Xt = Ci,t,
and Ct = ∪
n
i=1Ci,t is a KFt -chain.
For each t ∈ U , each 1 ≤ i ≤ n, we define X0,t = Xt, C0,i,t = Ci,t, F0,t = Ft, ∆0,t = ∆t,
f0,t = idXt . For every 1 ≤ j ≤ n, we inductively define νj,t : Xj−1,t → Xj,t to be the contraction of
(fj−1,t)∗C0,j,t, Cj,i,t = (fj,t)∗C0,i,t, fj,t = νj,t ◦ fj−1,t, Fj,t = (fj,t)∗Ft, and ∆j,t = (fj,t)∗∆0,t.
For every 0 ≤ j ≤ n− 1, by Lemma 2.7 (also see remarks after Lemma 3.4), because each
component of ∆ is irreducible and reduced over every closed point of T , notice that (KFj,t +∆j,t) ·
Cj,j+1,t and ∆j,t ·Cj,j+1,t only depend on the intersection numbers of KFt ,∆t and C1,t, . . . , Cj+1,t.
After possibly shrinking U more, they are all constant in a small neighborhood of s, so we have
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(KFj,t +∆j,t) · Cj,j+1,t = (KFj,s +∆j,s) · Cj,j+1,s < 0;
∆j,t · Cj,j+1,t ≥ 0
By using similar statements as in Lemma 3.1, Cj,j+1,t is a (KFj,t +∆j,t)-negative extremal ray,
and inductively we find that Ct is a (KFt +∆t)-chain. Now if Cs is a (KFs +∆s)-artificial chain,
by Lemma 3.2(4) it is a KFs-chain and it can be contracted to a smooth point, so it is also a
KFs-artificial chain. By Lemma 2.13(1), det(−||Cs||) = 1, so after possibly shrinking U , we have
det(−||Ct||) = 1, so Ct is a KFt-artificial chain, thus Ct is contracted to a smooth point of Xt, so
Ct is a (KFt +∆t)-artificial chain. QED.
Lemma 3.11. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities given by π : X → T . Let ∆ ≥ 0 be a Q-Cartier Q-divisor on X such that each
component of ∆ is irreducible and reduced over every closed point of T . Let m be any sufficiently
divisible integer.
Assume there exists a closed fiber Xs such that KFs+∆s is pseudoeffective and ∆s∧B−(KFs+
∆s) = 0. Then for any curve Ds contained in Xs such that Ds has self-intersection (−1) and Ds is
an irreducible component of a (KFs +∆s)-chain, we can find
(i) An open subset U of T such that s ∈ U ;
(ii) A birational contraction f : X|π−1(U) → X|
′
π−1(U) where we define ft := f |π−1(t); and
(iii) A smooth morphism π′ : X|′π−1(U) → U , such that:
(1) π′ ◦ f = π;
(2) ((fs)∗∆s) ∧B−(K(fs)∗Fs + (fs)∗∆s) = 0, (f∗∆) ≥ 0, and Kf∗F + f∗∆ is π
′-pseudoeffective.
(3) (X ′t, (ft)∗Ft)|t∈U is a smooth family of foliations with at most canonical singularities;
(4) fs is the contraction of Ds;
(5) H0(X ′t,m(K(ft)∗Ft + (ft)∗∆t))
∼= H0(Xt,m(KFt +∆t)), ∀t ∈ U .
Proof. By Lemma 3.10, pick a (KFs + ∆s)-chain Cs = ∪
n
i=1Ci,s on Xs such that Ds = Cn,s.
Pick an open neighborhood U of s, hypersurfaces E1, . . . , En transverse to the fibers of π, such that
Ei,t := Ei|Xt = Ci,t. Let f : X → X
′ be the contraction of En, ft := f |π−1(t). By using Lemma
2.16(2), Lemma 2.17 and Lemma 2.12(2), after possibly shrinking U , we may assume π factors
through f , (fs)∗∆s ∧B−(K(fs)∗Fs + f∗∆s) = 0, f∗∆ ≥ 0, Kf∗F + f∗∆ is π
′-pseudoeffective. and
(X ′t, (ft)∗Ft)|t∈U is still a smooth family of foliations with at most canonical singularities.
Now notice that for each t ∈ U , by Lemma 2.7, (ft)∗Ct=∪
n−1
i=1 (ft)∗Ci,t is a (K(ft)∗Ft +(ft)∗∆t)-
chain. Let g be the contraction of (ft)∗Ct, then g ◦ ft is the contraction of Ct. Thus
H0(X ′t,m(K(ft)∗Ft + (ft)∗∆t))
∼= H0(X ′t,m(K(g◦ft)∗Ft + (g ◦ ft)∗∆t))
∼= H0(Xt,m(KFt +∆t))
Thus f satisfies (1)-(5). QED.
Lemma 3.12. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities given by π : X → T . Let ∆ ≥ 0 be a Q-Cartier Q-divisor on X such that KF + ∆
is π-pseudoeffective, each component of ∆ is irreducible and reduced over every closed point of T ,
∆s ∧B−(KFs +∆s) = 0, where Xs is a closed fiber of π.
For each t ∈ T , let KFt +∆t = Pt +Nt be the Zariski decomposition, where Nt is the negative
part. Then:
(1) There exists an effective Q-divisor N on X such that N |Xt = Nt;
(2) If Xs is minimal with respect to (Fs,∆s), then there exists an open neighborhood U of s,
such that for every t ∈ U , the irreducible components of N meet Xt transversally in irreducible
rational curves.
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Proof. We follow the proof in [Bru01, Proposition 1 and 2] which deals with the ∆ = 0 case.
First we assume that Xs is minimal with respect to (Fs,∆s).
By Lemma 3.10 and Lemma 3.4, after possibly shrinking T to a neighborhood U of s, we can
pick an effective Q-divisor M on X/U , Mt := M |Xt for every t ∈ U , such that Ms = Ns, and the
irreducible components of M meet Xt transversally in smooth rational curves. We only need to
prove that Nt =Mt after possibly shrinking U .
First we prove that Nt ≥Mt. For any maximal Ft-chain Ct = ∪
n
i=1Ci,t in Mt, by Lemma 3.10,
Ct is a (KFt +∆t)-chain. Let Cn+1,t be the tail of Ct in Xt if it exists, and let λi,t be the coefficient
of Ci,t in Nt, for ∀1 ≤ i ≤ n + 1. Because Nt > 0, ∀1 ≤ i ≤ n+ 1, λi,t ≥ 0. Now we use similar
computation as in Lemma 3.4: Define ν0,t = idXt , and ∀1 ≤ k ≤ n, define νk,t : Xt → Xk,t to be the
contraction of C1,t, . . . , Ck,t, Fk,t = (νk,t)∗Ft, ∆k,t = (νk,t)∗∆t, and Ci,k,t = (νk,t)∗Ci,t for ∀i > k.
Then for all 1 ≤ k ≤ n, we have
(KFk−1,t +∆k−1,t) · Ck,k−1,t < 0.
∀1 ≤ k ≤ n, because (KFk−1,t +∆k−1,t) is pseudoeffective, C
2
k,k−1,t < 0. Define uk,t = C
2
k,k−1,t,
ak,t = C
2
k,t, Rk,t = ∆t · Ck,t, and Sk,t = (KFk−1,t + ∆k−1,t) · Ck,k−1,t. Using Lemma 2.7 and the
above assumptions, ∀1 ≤ k ≤ n, we have
(i) uk+1,t = ak+1,t −
1
uk,t
, u1,t = C
2
1,t;
(ii) Sk+1,t = Rk+1,t −
Sk,t
uk,t
, S1,t = R1,t − 1;
(iii) Sk,t < 0, uk,t < 0.
Now compute (KFt +∆t) · Ci,t for each Ci,t. We get
S1,t = λ1,tu1,t + λ2,t;
Ri,t = λi−1,t + λi,tai,t + λi+1,t,∀1 < i < n;
Rn,t = λn−1,t + λn,tan,t + λn+1,t.
Thus, using induction, we get
Si,t = λi,tui,t + λi+1,t,∀1 ≤ i ≤ n.
Because Sn,t < 0, λn+1,t ≥ 0, inductively we find that λi,t > 0, ∀1 ≤ i ≤ n. Thus all the
coefficients of the irreducible components of Ct are strictly greater than 0, which means SuppMt ⊂
SuppNt.
Before we continue our proof, notice that we can similarly define λk,s, uk,s, ak,s, Rk,s and Sk,s
on Xs, where we have λn+1,s = 0. Then for any 1 ≤ k ≤ n − 1, or if k = n and ∪
n+1
i=1 Ci,t is a
(KFt +∆t)-chain,
Rk+1,t = Sk+1,t +
Sk,t
uk,t
<
Sk,t
uk,t
=
Sk,s
uk,s
= λk,s +
λk+1,s
uk,s
≤ λk,s
where if k = n, Rn+1,t := ∆t·Cn+1,t, and Sn+1,t := (KFn,t+∆n,t)·Cn+1,n,t. Notice thatKFt ·Ck,t = 0
for every 2 ≤ k ≤ n and KFt · Cn+1,t = 0 if ∪
n+1
i=1 Ci,t is a (KFt +∆t)-chain. We have
(KFt +∆t) · Ck+1,t < coefficient of Ck,t in Mt.
This fact will be useful in the following part of the proof.
After possibly shrinking U more, for any irreducible curve Ct ∈ SuppMt, we have
Nt · Ct = (KFt +∆t) · Ct = (KFs +∆s) · Cs =Ms · Cs =Mt · Ct.
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Let f be the contraction of Nt, then Mt − Nt is f -nef. Then because Nt is effective, by the
Negativity Lemma, we find that Nt ≥Mt.
Now we only need to prove that after possibly shrinking U more, the divisor Qt = Pt+(Nt−Mt)
is nef for any t ∈ U . In this case, because Qt ·Mt = 0, the intersection matrix of Mt is negative
definite, and Mt ≥ 0, by the uniqueness of Zariski Decomposition, Mt = Nt.
After possibly shrinking U more, we may assume that there exists a hermitian metric ω on X
such that the restriction of ω on Xt is a Ka¨hler metric, for all t ∈ U . Notice that Qs is nef.
If Qt is not nef for some t ∈ U , there exists an irreducible curve Gt ∈ Xt such that Qt ·Gt < 0.
Because Pt is nef, (Nt−Mt) ·Gt < 0. Thus Gt ∈ Supp(Nt−Mt) =SuppNt, in particular Pt ·Gt = 0.
Moreover, Gt 6⊂ SuppMt otherwise (Nt −Mt) ·Gt = 0, thus Qt ·Gt = 0, a contradiction.
If Gt∩ SuppMt = ∅, Nt · Gt < 0, thus (KFt + ∆t) · Gt < 0. By Lemma 3.1, Gt itself is a
(KFt +∆t)-chain, and by Lemma 3.10, Gt deforms in a neighborhood U
′ of t. We define Dt = Gt.
Otherwise, Gt∩ SuppMt 6= ∅. Because all the connected components of Mt are (KFt + ∆t)-
chains, Gt must be a tail of a (KFt + ∆t)-chain Ht = ∪
n
i=1Hi,t, such that Ht is a connected
component of SuppMt. By Lemma 2.12, Lemma 3.2(2) and Lemma 3.11, there exists an open
neighborhood U ′ of t, U ′ ⊂ U , such that:
(1) There is a birational contraction g : X|π−1(U ′) → (X|π−1(U ′))
′ such that (X|π−1(U ′))
′ is
smooth;
(2) ∀r ∈ U ′, gr = g|Xr is a sequence of contraction of (KFr +∆r)-artificial chains;
(3) (gt)∗Gt is a part of a (gt)∗Ft-chain H
′
t = ∪
n+1
i=1 H
′
i,t, such that (gt)∗Gt = H
′
n+1,t, and
H ′i,t = (gt)∗Hi,t for all 1 ≤ i ≤ n.
Notice that Ht is a (KFt +∆t)-chain, and gt only contracts (KFt +∆t)-artificial chains, all the
curves contracted by gt do not intersect Ht.
Consider Dt = g
∗
t (gt)∗Gt. By using statements as in the proof of Lemma 3.3, Dt is effective.
Moreover, by Lemma 3.10, after possibly shrinking U ′ more we may assume that (gt)∗Gt deforms
over U ′, thus Dt deforms over U
′.
By Lemma 3.10, because Ms does not contain any (KFs + ∆s)-artificial chain, Mt does not
contain any (KFt + ∆t)-artificial chain, so no component of Mt is contracted by gt. By using
Lemma 2.6(5), we find that no component of Mt intersects the exceptional curves of gt.
Because ∪ni=1Hi,t ⊂ Nt, it is contracted in the (KFt + ∆t)-MMP, and because ∪
n+1
i=1H
′
i,t is a
(gt)∗Ft-chain, ∪
n+1
i=1 H
′
i,t is a (K(gt)∗Ft+(gt)∗∆t)-chain. By Lemma 2.7, (gt)∗Mt ·H
′
n+1 equals to the
coefficient of Hn in Mt. Now use the fact we stated earlier in this proof for the (KFt +∆t)-chain
Ht, and by using Lemma 2.7, we get
(K(gt)∗Ft + (gt)∗∆t) ·H
′
n+1,t ≤ (KFt +∆t) ·Gt < the coefficient of Hn in Mt = (gt)∗Mt ·H
′
n+1.
Thus Qt ·Dt = (KFt +∆t −Mt) ·Dt = (K(gt)∗Ft + (gt)∗∆t) ·H
′
n+1 − (gt)∗Mt ·H
′
n+1 < 0.
Thus no matter what Gt looks like, there exists an effective Q-divisor Dt which deforms over a
neighborhood U ′ of t, and Qt ·Dt < 0. Thus for every u ∈ U
′, Du · [ωu] is constant, and therefore
we can extend Du to a Q-divisor on X. In particular, there exists an effective divisor Ds on Xs
such that Ps ·Ds = Qs ·Ds = Qt ·Dt < 0, which is not possible.
Thus Qt is nef, by the uniqueness of Zariski decomposition, Mt = Nt. Thus by Lemma 3.9,
there exists a neighborhood U of s, an effective divisor N on π−1(U), such that for every t ∈ U ,
the irreducible components of N meet Xt transversally in rational curves, such that N |Xt = Nt.
Because X is smooth, we can extend N to a divisor on X. Thus we have proved (2).
If X0 is not relatively minimal, Use Lemma 3.11 several times we assume f : X → X
′ is a
birational contraction of hypersurfaces such that X ′0 is relative minimal. Let the negative part of
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Zariski decomposition of Kf∗Ft + f∗∆t for each t to be N
′
t , then N
′
t = N
′|Xt for some N
′. Then
by (2), Lemma 3.3 and Lemma 2.16, there is a neighborhood U of s where we can construct a
Q-divisor N over U by adding divisors that supported on the exceptional locus of f , such that
N |t = Nt for each t ∈ U . Now N deforms to an effective divisor over T . Thus we have proved (1).
QED.
4 Proof of Theorems
Proof of Theorem 1.5. To prove (1), pick any ample Q-divisor A over T , and 0 < ǫ≪ 1 whose
upper bound only depends on A. By Lemma 2.12 and Lemma 3.11, after possibly shrinking T to a
neighborhood U of s, there is a birational contraction ν : X → X ′ contracting curves with negative
self-intersection, such that
(1) X ′s is minimal respect to (ν∗Fs, ν∗(∆s + ǫAs));
(2) h0(X ′t,m(Kν∗Ft + ν∗(∆t + ǫAt))) = h
0(Xt,m(KFt + ∆t + ǫAt)) for every t ∈ U and m
sufficiently divisible.
Replacing X by X ′, we may assume Xs is minimal respect to (Fs,∆s + ǫAs).
By Lemma 3.12, after possibly shrinking U more, we may pick PA and NA on X such that
KF +∆+ ǫA = P
A+NA, where KFt +∆t+At = P
A
t +N
A
t is the Zariski decomposition for every
t ∈ U . Here PA|Xt = P
A
t is the positive part and N
A|Xt = N
A
t is the negative part.
Because KF +∆ is π-pseudoeffective, KFt +∆t + ǫAt is big for every t ∈ U . By Lemma 3.8,
for m sufficiently divisible, we have
h0(Xs,m(KFs +∆s + ǫAs)) = h
0(Xs,mP
A
s ) = χ(Xs,mP
A
s ) = χ(Xt,mP
A
t ).
Because PAt is nef and big, by Serre duality and noticing that KXt · At and P
A
t · At are con-
stants for any t ∈ U after possibly shrinking U , we have h2(Xt,mP
A
t ) = 0 for every m >
KXt ·At
PAt ·At
and sufficiently divisible. Thus χ(Xt,mP
A
t ) ≤ h
0(Xt,mP
A
t ) = h
0(Xt,m(KFt + ∆t + ǫAt)). So
h0(Xt,m(KFt +∆t+ ǫAt)) ≥ h
0(Xs,m(KFs+∆s+ ǫAs)), then because h
0(Xt,m(KFt +∆t+ ǫAt))
is an upper semicontinuous function for t, after possibly shrinking U , h0(Xt,m(KFt +∆t+ ǫAt)) =
const.
The proof of (2) is similar: notice that for any (KFs +∆s)-chain Cs, if det(−||Cs||) = 2, then
either Cs is a smooth rational curve such that C
2
s = −2, or there exists an irreducible component
C0,s of Cs such that C
2
0,s = −1. By Lemma 2.12 and Lemma 3.11, we can pick a birational
contraction ν : X → X ′ which keeps the cohomology of each h0(Xt,m(KFt +∆t)), and X
′ satisfies
the assumptions of 3.8(2). Let the Zariski decomposition of KFt +∆t be Pt +Nt for each t, where
Pt is the positive part and Nt is the negative part, then by Lemma 3.12 and Lemma 3.8(2),
h0(Xs,m(KFs +∆s)) = h
0(Xs,mPs) = χ(Xs,mPs) = χ(Xt,mPt).
Now use the Serre duality and the upper semicontinuity of cohomology as above, h0(Xt,m(KFt+
∆t)) = const. QED.
Theorem 4.1. Let (Xt,Ft)|t∈T be a smooth family of foliations of surfaces with at most canonical
singularities. Let ∆ ≥ 0 be Q-Cartier Q-divisor on X such that KF +∆ is π-pseudoeffective, each
component of ∆ is irreducible and reduced over every closed point of T , then for any Q-divisor
A on X which is ample over T , there exists 0 < ǫ ≪ 1, such that for sufficiently divisible integer
m > 0, h0(Xt,m(KFt +∆t + ǫAt)) = const.
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Proof. For any t ∈ T , let KFt +∆t = Pt+Nt be the Zariski decomposition of KFt +∆t, where
Nt is the negative part. Pick a closed fiber Xs, and let Θs = ∆s−∆s∧Ns. Pick the unique divisor
Θ on X such that Θ|s = Θs.
Without loss of generality we may assume A is a general element in |A|Q. Pick 0 < ǫ≪ 1 whose
upper bound only depends on A. By Lemma 3.12, possibly shrinking T to an open neighborhood
U of s, we can write KF + Θ + ǫA = P
A′ + NA
′
, where PA
′
t := P
A′ |Xt is the positive part and
NA
′
t := N
A′ |Xt is the negative part of KFt +Θt + ǫAt.
For m sufficiently divisible,
|m(KFs +∆s + ǫAs)| = |m(KFs +Θs + ǫAs)| = |mP
A′
s |.
By Theorem 1.5, h0(Xs,m(KFs +Θs + ǫAs)) = h
0(Xt,m(KFt +Θt + ǫAt)), thus
|mPA
′
s | = |mP
A′ |s = |m(KF +Θ+ ǫA−N
A′)|s ⊂ |m(KF +Θ+ ǫA)|s ⊂ |m(KF +∆+ ǫA)|s.
Thus |m(KFs+∆s+ǫAs)| ⊂ |m(KF +∆+ǫA)|s, so |m(KFs+∆s+ǫAs)| = |m(KF +∆+ǫA)|s,
which means h0(Xt,m(KFt +∆t + ǫAt)) = h
0(Xs,m(KFs +∆s + ǫAs)) = const, for every t ∈ U .
Thus h0(Xt,m(KFt +∆t + ǫAt)) = const, for every t ∈ T . QED.
Proof of Theorem 1.2. We pick any fiberXs, a general ample Q-divisor A over T . Pick 0 < ǫ≪ 1
such that KF +∆− ǫA is pseudoeffective over T .
For every t ∈ T , let the positive and negative part of the Zariski decomposition of KFt+∆t−ǫAt
be Pt,ǫ and Nt,ǫ. Now we define
Θs = (∆s − ǫAs)−∆s ∧Ns,ǫ
and let Θ be the unique divisor on X such that Θs = Θ|Xs and Θt := Θ|Xt for each t ∈ T . Notice
that KFs +Θs = Ps,ǫ + (Ns,ǫ −∆s ∧Ns,ǫ) is still a pseudoeffective divisor, we have
B+(KFs +Θs + ǫAs) ⊂ B−(KFs +Θs).
Because Θs + ǫAs = ∆s − ∆s ∧ Ns,ǫ, [Θs + ǫAs] = 0. Thus [Θ + ǫA] = 0. Moreover, because
(∆s−∆s∧Ns,ǫ)∧(Ns,ǫ−∆s∧Ns,ǫ) = 0, (Θs+ǫAs)∧B−(KFs+Θs) = 0, so (Θs+ǫAs)∧B+(KFs+
Θs + ǫAs) = 0. Thus by Theorem 1.5(2), for sufficiently divisible m, h
0(Xt,m(KFt +Θt + ǫAt)) =
h0(Xs,m(KFs +Θs + ǫAs)).
Because 0 ≤ ∆s ∧Ns,ǫ ≤ Ns,ǫ, 0 ≤ Θ+ ǫA ≤ ∆, we have
|m(KFs +∆s)| = |m((KFs +∆s − ǫAs) + ǫAs)| = |m((KFs +∆s − ǫAs)−∆s ∧Ns,ǫ + ǫAs)|
= |m(KFs +Θs + ǫAs)| = |m(KF +Θ+ ǫA)|s ⊂ |m(KF +∆)|s.
Thus |m(KFs +∆s)| = |m(KF +∆)|s, so h
0(Xt,m(KFt +∆t)) = const, for every t ∈ T .QED.
Proof of Corollary 1.3. First we additionally assume that KF +∆ is π-pseudoeffective. Pick a
general ample divisor A ≥ 0 over T on X, and let Xs be a fixed fiber.
Then by Theorem 4.1,
vol(Xt,KFt+∆t) = lim
ǫ→0
vol(Xt,KFt+∆t+ǫAt) = lim
ǫ→0
vol(Xs,KFs+∆s+ǫAs) = vol(Xs,KFs+∆s)
which is constant.
Now assume KF + ∆ is not π-pseudoeffective. We may pick s ∈ T such that KFs + ∆s is
pseudoeffective, otherwise the statements are trivial. Pick an ample divisor A over T . We consider
the π-pseudoeffective threshold of KF +∆ with respect of A, i.e. we consider
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λ =inf{r ∈ R|KF +∆+ rA is π-pseudoeffective}.
Because we assume KF + ∆ is not π-pseudoeffective, λ > 0. Pick a sequence λi|
∞
i=1 such that
λi > λi+1 > λ for every i and lim
i→∞
λi = λ. Notice that as KFs + ∆s is pseudoeffective, then
KFs +∆s + λAs is big, thus vol(KFs +∆s + λiAs) > K := vol(KFs +∆s + λAs) > 0. However,
by what we have already proved,
K = lim
i→∞
vol(KFs +∆s + λiAs) = lim
i→∞
vol(KFt +∆t + λiAt) = vol(KFt +∆t + λAt)
for any t ∈ T .
However, because vol(KFt + ∆t + rAt) is a continuous function of (r, t) ∈ R × T , K > 0,
we may pick λ′ < λ such that 0 6∈ {vol(KFt + ∆t + λ
′At)|t ∈ T}, and hence λ cannot be the
π-pseudoeffective threshold of KF +∆ with respect of A. A contradiction. QED.
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